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				PREFACE

			

		

		
			
				Geometry 7 is designed to provide learners to improve and develop their mathematical background needed for further geometry courses. 

				Starting from the first pages, you will realize that this textbook is completely different from any other usual textbook full of theoretical passages and formulas. Every chapter contains useful information, curious facts, tasks for individual and group work. You will also learn how to conduct research and experiments yourselves, search for information, make your discoveries. By the end of the book, students will have a good understanding of the analytic approach to solving problems. In addition, we have provided many systematic explanations throughout the text that will help instructors to reach the goals that they have set for their students. 

				One more valuable feature of this textbook is the language. Every sentence has been carefully chosen so that it is not difficult for you to understand mathematics in the English language. Each page contains translations of all the important terms, both in Kazakh and Russian. This textbook will not only help you improve your English, but it will also make you a part of a big international science community. 

				This textbook consists of four chapters, which cover Introduction to Geometry, Triangles, Mutual Positions of Lines, Circle. Geometrical Construction respectively. Each chapter begins with basic definitions, theorems, and explanations which are necessary for understanding the subsequent chapter material. In addition, each chapter is divided into subsections so that students can follow the material easily.

				Every subsection includes self-test PRACTICE problem sections. Teachers should encourage their students to solve PRACTICE problems themselves because these problems are fundamental to understanding and learning the related subjects or sections. At the end of every section, there are PROBLEMS categorized according to the structure and subject matter of the section. Problems are graded in order, from easy (A) to difficult (C). In addition, at the end of every chapter there is SUMMARY categorized according to the structure and subject matter of the chapter.

				Please pay attention to the structure of this textbook. Remember: a textbook is no longer the only source of information in the modern world. With the help of carefully selected tasks, you are going to learn such important skills as critical thinking, problem solving, information analysis, creativity, imagination, teamwork, digital literacy, etc.

				 

				If you have any questions, suggestions or ideas regarding the contents of this book, please feel free to contact us:

				l	via email:  admin@astanakitap.kz

				Best regards,

				team of authors, “Астана-кітап”
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				1.1 The basic geometric notions. Axioms. Theorems

				1.2 Congruence of figures 

				1.3 Methods of proof of theorems: direct method and contradiction method

				1.4 Adjacent and vertical angles, their properties

			

		

		
			
				Why study Geometry

			

		

		
			
				you already know

			

		

		
			
				Geometry is the branch of mathematics that deals with shapes, angles, dimensions and sizes of a variety of things we see in everyday life. Its major applications are in the field of constructions, such as the construction of building, roads, dams, bridges, etc. For example, one of the interesting architectural ideas is Fish Bridge on the Yesil river in Nur-Sultan.

			

		

		
			
				- perpendicular line segments;

				- parallel lines;

				- perpendicular to a straight line;

				- find the distance between the points of the coordinate (numerical) straight line (axis);

				- find the distance from a point to a straight line;

				- find the coordinates of points on the coordinate (numeric) ray;

				- measure the value of the angle using a protractor;

				- build an angle of a given value.
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				The word geometry comes from two Greek words, “GEO” and “METRIC” which together mean “to measure the earth”.

				Why do we need Geometry? To find areas, volumes, lengths, and angles, and better understand the world around us.

				The most basic figures in geometry are undefined terms, which cannot be defined by using other figures. The undefined terms a point, a line, and a plane are the building blocks of geometry.

				point

				A point is the most basic building block of geometry. Point does not have any size (width, length, height) and indicates a location. 

				Dots or a cross are used to represent points in pictures and diagrams.

				These points are said “Point A,” “Point B”. Points are labeled with a CAPITAL letters.

				Line

				A line, like a point, does not take up space. It has location and is always straight and extends without the end in both directions. There are infinitely many points in a line.

				A line can be named or identified using any two points on that line or with a lower-case, italicized letter, for example line AB or line m.

				In the figure on the right, given line m and points B, C, D and P. As you see, points C and D lie on the line m and points B and P do not lie on the line m. 

				I.e. ,  and , .
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				The basic geometric concepts. Axioms. Theorems
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					Pirate treasure maps good describes exact locations (points)
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				- know the basic figures of plane geometry: a point, a line;

				- know the definitions of a line, a segment, a ray, an angle, a triangle and a semiplane;

				- know the axioms of belonging of points and lines;

				- know the axioms of location of points on a line and on a plane (axiom of order);

				- know the axioms of measuring of segments and angles;

				- know and apply the axioms of laying of segments and angles;

				- know the axiom of existence of a triangle, equal to given;

				- know the axiom of parallelness of lines;

				- understand, what an axiom differs from a theorem; select a condition and conclusion of theorem.
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					You will:
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				We can understand the concepts of the point intuitively. When you can look at the sky at night, you can see billions of stars, each represented as a small dot of light in the sky. Each dot of light suggests a point, the smallest figure in geometry.

			

		

		
			
				[image: ]
			

			
				
					Facts
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				The relation between a Points and a Line

			

		

		
			
				Let's look at an example, in the figure below, points A and B lie on the line t. 

				Therefore, we can see a line can be drawn through two points, there can be several notations for this straight line, but the meaning remains the same. When a line contains two points (in this case, A and B), then it can also be described as a line AB, it should be understood that the notation t and AB refer to the same line.

			

		

		
			
				Through any two points, there exists exactly one line. 

			

		

		
			
				Among any three points placed in a straight line, there is no more than one point placed between the two others. 

			

		

		
			
				Let's think of the following example, in the figure below the given location of three points on the line a with possible cases.

				In the first case, point B lies between points A and C on the line a;

				In the second case, point A lies between points C and B on the line a:

				In the third case, point C lies between points B and A also on the line a.

				Besides, as you see we cannot give other cases for locations of three points on the line a.

			

		

		
			
				Axioms of Line Intersection

			

		

		
			
				Let's look at the example, in the figure at the below, line m and n have common point C. Hence, when a line shares a common point with another line, they are called intersecting lines.

			

		

		
			
				CHAPTER 1
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					Axiom 1
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					Axiom 2
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					Research time

				

			

		

		
			
				Geometry is important because the world is made up of different shapes and spaces.

				Make a poster with your friend. 

				Topic: "importance of a geom-etry in our lives".
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				Point that lie on the same line are called collinear points. Is it true that two points are always collinear? What about three points?
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					Discussion

				

			

		

		
			[image: ]
		

		
			
				[image: ]
			

			
				
					Terminology

				

			

		

		
			
				Axiom - аксиома

				Dimension – өлшем / измерение

				Direction – бағыт / направление

				Length – ұзындық / длина

				Line - түзу/ прямая

				Measure – өлшем / мера

				Point - нүкте/ точка

				Width – ені / ширина
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				Axiom is a rule or a statement that is accepted as true without proof. An axiom is also called a postulate.

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				Note
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				In geometry, a line segment is a part of a line that is bounded by two distinct endpoints, and contains every point on the line between its endpoints. 

				A closed line segment includes both endpoints, while an open line segment excludes both endpoints; a half-open line segment includes exactly one of the endpoints. I.e.

			

		

		
			
				Line segment

			

		

		
			
				Let A and B be two distinct points on a line. Then the set of points which contains A, B and all the points between A and B forms line segment AB (or line segment BA).

			

		

		
			
				Line segment is a piece or part of a line having two endpoints. Unlike a line, a line segment has a definite length. In the figure above, A and B are called the endpoints of the line segment.

			

		

		
			
				Sketch a diagram showing line AB intersecting line CD at point K, If point K is between points A and B.

				Solution:

				Step 1: Draw line AB and label 

				points A and B.

				Step 2: Draw point K between points of A and B.

				Step 3: Draw CD through K.
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				1. Sketch a diagram showing line XY intersecting line WV at point A. 

				2. State the axiom illustrated by the diagram. 

				a.  

				 

				b. 

				 

				 

			

		

		
			
				Practice 1

			

		

		
			
				Chapter 1

			

		

		
			
				If two lines intersect, then their intersection is exactly one point.
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					Axiom 3
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				Example 1
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				Some examples of line segments found at the home are the edge of a piece of paper, the corner of a wall and uncooked spaghetti noodles.
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					Definition

				

			

			
				[image: ]
			

		

		
			
				Intersecting Line Segments

			

		

		
			
				Two distinct line segments which have common points are called intersecting line segments, and their common point is called their intersection point. 

			

		

		
			
				For example, 

				In the figure at the right, line segments MN and PQ are intersecting line segments and point O is their intersection point.
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					In symbols

				

				
					In words
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					the intersection of
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					the intersection of the line segments MN and PQ is the point O or line segment MN intersects line segment PQ at a point O.

				

			

		

		
			
				Axioms of Distance

			

		

		
			
				For any two points on a line and a given unit of measurement, there exists a unique positive number which corresponds to the distance between the two points.

			

		

		
			
				Unlike a line, a line segment can be measured because it has two endpoints. The length of a line segment is only as precise as the smallest unit on the measuring device.

			

		

		
			
				Find the length of segments CD and AB by using a ruler.

				a. 	b. 
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				Solution: 

				The long marks are centimeters, and the shorter marks are millimeters. There are 10 for each centimeters. Thus, CD is about 2.7 centimeters or 27 millimeters.

				The length of line segment AB is 3.6 cm or 36 mm. 
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				Chapter 1
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					Axiom 4
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				Exampl 2

			

		

		
			
				 - intersection
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				Note
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					Activity

				

			

		

		
			
				Challenge!

				Without lifting your pencil, join the following four points with three segments to form a closed figure.
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					Terminology

				

			

		

		
			
				Common point - ортақ нүкте/общая точка

				Distance - қашықтық/ расстояние

				Edge – шеті/край

				Endpoints of the line segment - кесіндінің ұштары / концы отрезка

				Intersect – қиылысады/пересекаться

				Line segment - кесінді/отрезок

				Precise- дәл/точный

				Unique - жалғыз/единственная
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					Axiom 5
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				Find the length of the line segments AB and CD by using a ruler.

				a. 	b. 
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				Axioms of Measuring of Segments

			

		

		
			
				Each segment has a certain length, greater than zero. The length of a segment is equal to the sum of the lengths of the parts to which it is divided by any of its points. if A, C and B are collinear then AB + BC = AC

			

		

		
			
				Find the length of AC and DE.

				 

				 

				 

					

				Solution: 

				a. Point B is between A and C. We can find the length of AC by adding AB and BC.

				So, AC is 6.4 cm long. 

				b. Point E is between D and F. 

				So, DE is 9 cm long. 

			

		

		
			
				Measures are real numbers, so all arithmetic operations can be used with them. You know that the whole usually equals the sum of its parts. That is also true for line segments in geometry.

			

		

		
			
				Chapter 1

			

		

		
			
				Practice 2
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				Example 3
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				♦ P, R and Q are collinear points.

				♦ M, N and O are non - collinear points.
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				The midpoint of a segment is the point that divides the segment into two segments of equal length.
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				Note
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				Find the length of MN and PQ.

					

			

		

		
			
				Points A, B and C are collinear and B is between A and C. AB = 4x – 2, BC = 3x + 1 and AC = 20 cm are given. Find x.

			

		

		
			
				Solution: 

				Let us draw an apprioprate figure.

				According to the last axiom: AB + BC = AC.
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				Points D, E and F are collinear and E is between D and F. DE = 5x + 2, EF = 3(x – 4) and DF = 30 cm are given. Find x.

			

		

		
			
				Chapter 1

			

		

		
			
				Practice 3

			

		

		
			
				Practice 4
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				Example 4
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					Terminology

				

			

		

		
			
				Midpoint(of a segment) - кесінді ортасы/середина отрезка

				Collinear - коллинеарлы/коллинеарная

				Contained by - құрамында/содержится

				Ray - сәуле/луч

				Separate part - бөлек бөлік/отдельная часть

			

		

		
			
				A ray is a part of a line that has one endpoint and goes on infinitely in only one direction.

			

		

		
			
				Ray

			

		

		
			
				One of the most obvious examples is a sun's ray of light in space. 
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					Definition
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				We can name a ray using its starting point and one other point that is on the ray. Ray in the figure at the right shows ray AB . 
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					Facts
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				The National Flag of the Republic of Kazakhstan has a gold sun with 32 rays above a soaring golden steppe eagle, both centered on a sky blue background. The sun, a source of life and energy, exemplifies wealth and plenitude. The sun's rays are shaped like grain, which is the basis of abundance and prosperity.
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				Chapter 1

			

		

		
			
				Describe the figure.

				Solution: 

				The figure shows ray AB and line segment CD. Notice that ray AB intersects line segment CD. 
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				Example 5

			

		

		
			
				Describe each figure. 

			

		

		
			
				Practice 5
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				Example 6

			

		

		
			
				Three points S, R and T lie on the same line such that S is between T and R. Decide whether each statement is true or false.

				a. ray ST  ray RS	b. ray SR  ray ST	c. point R  ray ST
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				Solution:

					

				Let us draw the points on the line. Using our figure we can evaluate each statement. 

				a. true;	b. false;	c. false.

			

		

		
			
				Axioms of Laying of Segments

			

		

		
			
				If A and B are distinct points and C is any point, then for each ray m 

				starting from C there is a unique point D on m such that  and AB = CD.
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				This axiom says you can "move" the segment AB so that it lies on the ray m with A matches C, and B matches D.
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					Axiom 6
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				 - intersection

				 - is contained by
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				Note
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				A pair of opposite rays are two rays that have the same endpoint and extend in opposite directions. Rays SR and ST are opposite rays.(figure from example 8)
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				Note
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				Draw in a plane  an appropriate diagram in each case. 

				a. Select points E and F in a plane. Draw a line m that passes through E and does not pass through F. Draw another line n that passes through F but does not pass through E. Draw a line k that passes through both points E and F.

				b. Draw a line d which passes through two points A and B on a plane. Point C is not on line d. Does there exist a single line which contains the points A, B and C?

				Solution: 

				By the given examples above, we can draw the following figures.

				a. b. no, there is no line
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				Example 7

			

		

		
			
				Chapter 1
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					Terminology

				

			

		

		
			
				Apprioprate- сәйкес/соответствующий 

				Plane - жазықтық/ плоскость

				Thickness - қалыңдық/ толщина

				Through - арқылы/через

				Superimposed - беттестіру/ наложение

			

		

		
			
				Plane

			

		

		
			
				The figure shows two intersecting lines m and n.

				a. Name two pairs of opposite rays in the figure.

				b. Name two rays that have only one point in common.

				c. Name two pairs of rays such that each pair has many points in common. 

			

		

		
			
				Practice 6
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					Facts
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				Plane vs Plain

				In geometry a "plane" is a flat surface with no thickness.

				But a "plain" is a treeless mostly flat expanse of land ... it is also flat, but not in the pure sense we use in geometry.

				Both words have other meanings too:

				Plane can also mean an airplane, a level, or a tool for cutting things flat.

				Plain can also mean without special things, or well understood.
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					Facts
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				A wall, the surface of a table, a floor, a window and the screen of TV are all physical models of a plane.
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				A plane has length and width but no thickness. It is like a flat surface that extends infinitely along its length and width. 

				You represent a plane with a four-sided figure, like a tilted piece of paper, drawn in perspective. Of course, this actually illustrates only part of a plane. You name a plane with a lower- case Greek letters or by three non-collinear points.
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				Angle

			

		

		
			
				The concept of an angle is one of the most important concepts in geometry, and angles are also used in everyday life. Builders build houses and artists sketch and paint using their knowledge of angles.

			

		

		
			
				An angle is the figure formed by two rays meeting at a common endpoint.

			

		

		
			
				Chapter 1
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					Definition
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				Draw an appropriate diagram. Select three points M, N and D in a plane and draw lines a, b and c such that , , , ,  and .
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				Practice 7

			

		

		
			
				Semi plane (half plane) 

			

		

		
			
				, , ,  and  are given. Where  (alpha) and  (betta) are half planes. Draw an appropriate figure showing the points and the lines.
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				Solution:

				By the given, we can draw the following figure.  
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				One of the basic relations between a line and plane is dividing a plane into parts by a line to form two half planes.

			

		

		
			
				When a line d lies in a plane , it separate  into three separate parts. One of them is d itself, and the other two parts are called half plane. d forms the edge of each half plane but it is not contained in either of them.
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				Example 8
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					Definition
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				 are given. 

				Where  (phi) and  (lambda) are half planes.
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				a)Draw an appropriate figure showing the points and the lines.

				b) Check where did you place point K. Is there any other case?
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				Practice 8
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					Research time

				

			

		

		
			
				"A plane has two dimensions". Search on the internet to find out the meaning of "dimension" in this connection and the dimensions of a line and a point.
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				Points or lines are said to be coplanar if they lie in the same plane. Example 1: The points P, Q, and R lie in the same plane . They are coplanar. 
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				Note
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				Example 9

			

		

		
			
				Solution:

				a. sides: ray AB and ray AN; vertex: point A.

				b. 1, K, TKA, ATK, MKA, AKM.
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				c. T, ATK and KTA.

				
					[image: ]
				

				d. KTA, ATM, MTN, NTK.

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Look at the figure.

				a. Name the sides and vertex of 3.

				b. Name the angle labeled 1 in as many ways as possible.

				c. Give an alternative name for 2.

				d. Name four angles that have T as their vertex. 
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				Look at the figure.

				a. Name the angle labeled 1 in two different ways.

				b. Name the angle labeled 2 in four different ways.

				c. Name the sides and the vertex of CAE.
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				An angle is denoted by symbol . The common point of two lines are called the vertex. Rays BA and BC are sides of an angle.

				 

				We name the angle in the diagram ABC or CBA. And say ‘angle ABC’ or ‘angle CBA’. We can also name the angles with numbers or lower-case Greek letters (, , ...), or just by their vertex ( , ...).
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				Chapter 1

			

		

		
			
				Practice 9
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					Terminology

				

			

		

		
			
				Angle - бұрыш/угол

				Diverging - ауытқу/ отклонение

				Side- қабырға/ сторона

				Vertex- төбе/ вершина

				Half – жарты / половина
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					History

				

			

		

		
			
				 

				- The word ‘angle’ has been derived from the Latin word Angulus, meaning “a little bending”. 

				- The concept of angle was first used by Eudemus, who defined an angle as a deviation from a straight line. 
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					Activity

				

			

		

		
			
				Then find the angle between the minute and the hour hand of a clock which show 8:54?
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				An angle divides the points on the plane into three regions:

				Points lying on the angle (An angle: A, B and C)

				Points within the angle (Its interior region: D and E)

				Points outside the angle (Its exterior region: M, N and O)
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				How to measure an angle using a protractor?

				To measure angle ABC , we need to:

				Step 1: Place the center point of the protractor on the vertex B.

				Step 2: Adjust the base line of the protractor so that it is 

				aligned with the line BC.

				Step 3: Read the value of angle ABC, from the inner scale.

				As we can see, .

				Therefore, by using the given information we can write the following axioms.
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				Measurement of Angles

			

		

		
			
				To measure an angle, we can use a protractor. Angle ABC is a 62 degree () angle. We say that the degree measure of ABC is , or simply . 
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				1. Each angle has a certain degree measure between 00 and 1800.

				2. Given any  and given any ray DF, starting from a point D, then there is a unique ray DE on a given side of the line DF, such that . (Symbol  means congruent or equal)
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				3. If a point B lies in the interior of an angle AOC as in the figure, then 

				.
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				Chapter 1

			

		

		
			
				
					Axiom 7
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				Way of describing an angle is by its measure.

				If the measure of angle ABC is 30 degrees. We can write this symbolically as .

				We use the symbol  to show degrees.
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				Protractors usually have two sets of numbers going in opposite directions.

				Be careful which one you use!

				When in doubt think "should this angle be bigger or smaller than 90° ?"
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				Note

			

		

		
			
				Note
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				Two rays AC and AD are drawn on opposite sides of a line AB such that  and . Find .
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				Solution:

				Lets draw an appropriate figure.

				By using "Axioms of Measuring of Angles" we know that

				So,  
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				State the measure of each angle according to the protractor in the figure.

				a. DOF;	

				b. AOE;	

				c. COD;	

				d. EOF;

				e. COB;	

				f. DOB.
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				What are Parallel Lines?

				Two lines in a same plane are said to be parallel if they do not intersect when extended infinitely in both the direction. Also, the distance between the two lines is the same throughout.

				In the figure at the right, given two line n and m. If lines n and m are parallel to each other, we can write it as nm and which is read as "line n is parallel to the line m". Because the symbol for denoting parallel lines is .
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				parallelness of lines

			

		

		
			
				Chapter 1
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				Example 10

			

		

		
			
				Practice 10
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					Facts
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				The protractor was invented by Joseph Huddart in 1801. It was a more complex form of protractor. 
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					Terminology

				

			

		

		
			
				Degree - градус

				Measurement - өлшем/ измерение

				Protractor - транспортир
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				For example, 

				We can refer to the triangle previous shown as ABC. We can also call it BCA, CAB, CBA, ACB or BAC. The vertices of ABC are points A, B and C. The sides of ABC are the segments AB, BC and CA.  
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				triAngle

			

		

		
			
				A triangle is a plane figure which is formed by three line segments joining three noncollinear points. Each of the three points is called a vertex of the triangle. The segments are called the sides of the triangle.

			

		

		
			
				The word triangle means "three angles". Every triangle has three sides and three angles.

			

		

		
			
				We name a triangle with the symbol  followed by three capital letters, each corresponding to a vertex of the triangle. We can give the letters in any order, moving clockwise or counterclockwise around the triangle.
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				For every line m and for every point A, that does not lie on m, there exists a unique line through A that is parallel to m. See in the following example.

			

		

		
			
				For example, 

				In the figure below we can see that there is exactly one line through A parallel to m.

			

		

		
			
				Chapter 1

			

		

		
			
				
					Axiom 8
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					Definition
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					History

				

			

		

		
			
				Euclid's five postulates formed the basis of plane geometry for nearly 2000 years. However, in the early 20th century mathematicians recognized that they did not completely define plane geometry because Euclid did not clearly specify the meaning of relationships such as "between", "inside" and "outside". In 1902 the mathematician David Hilbert developed a modern set of axioms that removed this "incompleteness" from Euclid's system. 
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					Research time

				

			

		

		
			
				Make a poster to show how triangles are used in everyday life. You can take photographs, make drawing or collect pictures from the Internet to show building, designs, signs and artwork where triangles are used.
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				Look at the figure.

				a. Find and name all the triangles in the figure at the right.

				b. Name all sides of .

				Name the triangle 

				 as many ways as possible. 
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				For example,

				In the figure given a triangle ABC and a ray d. To find the triangle equal to the triangle ABC, we do the following steps:

				Step 1: Move triangle ABC so that its vertex A is aligned with the beginning of ray "d", vertex B lie on ray "d", and vertex C is in a given half-plane with respect to ray "d".

			

		

		
			
				Look at the figure.

				a. Name all the triangles in the figure.

				b. Name all the vertices of NEP.

				c. Name all sides of MNP.

				d. Name the triangle 

				MEN as many ways as possible.

				Solution: 

				a. MNE, NEP and MNP.
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				b. points N, E and P.

				c. segment MP, segment PN and segment NM.

				d. MEN, MNE, ENM, NME and NEM.
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				For any triangles, there is an existence of triangle, equal to given triangle in a given location relative to the given ray.

			

		

		
			
				Axiom of Existence of Triangle Equal to Given Triangle

			

		

		
			
				Chapter 1

			

		

		
			
				
					Axiom 9
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				Example 11

			

		

		
			
				Practice 11
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					Activity

				

			

		

		
			
				Challenge!

				Move exactly three toothpicks in the following arrangement to make five triangles.
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					Terminology

				

			

		

		
			
				Parallel line - параллель түзу/ параллельная прямая

				Parallelness - параллельдік/ параллельность

				Statement - тұжырым/утверждение

				Theorem - теорема

				Triangle - үшбұрыш/ треугольник

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				AXIOMs and theorems

			

		

		
			
				We learned using axioms in the basic geometric notations. Let's learn what is an axiom differs from a theorem. 

			

		

		
			
				A axiom (also called a postulate) is a statement that is presumed to be true, and that does not (or cannot be) need to be proven. 

			

		

		
			
				Axioms serve as the starting point of other mathematical statements. These statements, which are derived from axioms, are called theorems.

			

		

		
			
				A theorem is a mathematical statement which is proven to be true.

			

		

		
			
				Step 2: The vertices of the triangle ABC in this position are denoted by A1, B1, C1.

				Therefore, we can see that .
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				Theorems and postulates may be more easily understood and applied via conditional statements.

			

		

		
			
				A conditional statement is a statement that can be written in If-then form. A conditional statement has two parts, a hypothesis and a conclusion. When the statement is written in “if-then form”, the “if” part contains the hypothesis and the “then” part contains the conclusion.

				Here is an example:

			

		

		
			
				Identify the hypothesis and conclusion of conditional statement: 

				a)	A number is divisible by 10 if its last digit is a 0

				b)	If two lines intersect, then they intersect in exactly in one point

			

		

		
			
				Chapter 1
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					Definition
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					Definition

				

			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				
					Definition
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				Example 12
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				As you know axiom is a statement which is accepted without question, and which has no proof. So discuss with your classmate "Why it has no proof?". Give some reasons.

				And give some basic examples of axioms from our daily life.
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					Discussion
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					Activity

				

			

		

		
			
				Challenge!

				Without lifting your pencil, draw three segments which pass through all the points and make a simple figure.
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				 Identify the hypothesis and conclusion of conditional statement: 

				a) “If you tell the truth, you don’t have to remember anything.” — Mark Twain

				b) “Early to bed and early to rise, makes a man healthy, wealthy, and wise.”— Benjamin Franklin

				c) If two lines are parallel to the same line, then they are parallel 

				to each other. 

			

		

		
			
				Chapter 1

			

		

		
			
				Practice 12
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				Conclusion - қорытынды/ вывод (заключение) 

				Сonditional statements- шартты тұжырымдамалар/ условные утверждения

				Hypothesis - гипотеза, болжам/ предположение
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					History

				

			

		

		
			
				 

				Geometry is perhaps the most elementary of the sciences that enable man, by purely intel-lectual processes, to make pre-dictions (based on observation) about physical world. The pow-er of geometry, in the sense of accuracy and utility of these de-ductions, is impressive, and has been a powerful motivation for the study of logic in geometry.

				 H. M. S. Coxeter (1907-2003)
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				Solution:

				a) Hypothesis: The last digit of a number is zero.

				 Conclusion: The number is divisible by 10.

				b) Hypothesis: Two lines intersect

				 Conclusion: Their intersection is only one unique point.
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					Terminology
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				problems
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				A

				1.  What are the properties of a point? 

				2.  At least how many points determine a line? 

				3. What are the properties of a line?

				4. Fill in the gaps to complete the following statements.

				a. Two points determine a ______.

				b. Two lines that never meet are called _____.

				c. The part of the plane on one side of a ______ of infinite length in the plane is called half plane. 

				d. A point has no _____ and no ______. 

				5. Which statements are true according to the given figure? 

				a. S, M and T are on the same line.

				b. 

				c. S, K and T are on the same plane.

				d. 

				6. O is the midpoint of line segment KL. Find the length of KL, if the length of cm.

				7. Point C is on segment AB. If cm, cm. Find the length of AC?
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				8. Match the angles according to the figure.
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					c. 
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					4. 
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					e. 
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				9. Points K and M are on line l1 and A, B and C are on l2 with . How many lines can be determined by these five points?

				10. Points A, B and C are collinear and B is between A and C. AB = 3x – 1, BC = 2x + 3 and AC = 12 are given. Find x.

				11. Two points M and N lie on opposite rays which have a common endpoints at O. OM = 9 cm and MN = 24 cm are given. Find the distance ON.

				12. Point M is the midpoint of a line segment KL. Find a if KM = 8a – 6 and ML = 3(2a – 1) + 5. 

				13. State whether each statement is true or false

				a. An axiom is a statement proven based on theorems

				b. An axiom must be proven and demonstrated

				c. A theorem is a set of logical connectives

				d. The straight line, there are points belonging to this line, and points not belonging to it

				e. For measuring the length of a line segment, we use measure of weight

				f. Theorems are often proved by exact logical and creative thinking 
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				problems
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				C

				18.  A segment AC lies on a ray AB. if segment AC smaller than segment AB, which one of three points lies between others? Explain your reasoning?

				19. Points A, B, C, D lie on a straight line.

				a. How many segments are there?

				b. How many rays are there? Name them. 

				20.  and BD is a ray that divides right angle into two parts. 
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				Find measures of these angles, if their ratios are

				a. 

				b. 

				c. 

				d. 

				21. In the figure, 
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				Find the value of x.
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				B

				14. Decide whether each sentence is a theorem or axiom. If it is a theorem, mark it with (T). If it is a axiom, mark it with (A).

				a. For any two distinct points, there exists exactly one line which contains them.( )

				b. If two distinct non-parallel lines intersect, then they intersect at exactly one point. ( )

				c. If a point N is between points M and P then . ( )

				d. If there is a line and a point not on the line, then there exists exactly one line through the point which is parallel to the given line. ( )

				e. For any three points, there is at least one plane that contains them. ( )

				15. K, M and L are points on same line. If we know that the length of  cm and cm, find 

				
					[image: ]
				

				a. the largest measure of KL

				b. the smallest measure of KL

				16. Given three collinear points A, B and C.  AB = 8 cm and BC = 5 cm are given. Decide whether each length is a possible length of AC.

				a. 2 cm	b. 13 cm	c. 3 cm	d. 14 cm e. 7 cm

					

				17. Five lines lie in a plane such that three of the lines intersect at a one point. At most how many points of intersection can

				there be?

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			[image: ]
		

		
			[image: ]
		

		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				CongruenT figures

			

		

		
			
				You are working on a puzzle. You've almost finished, except for a few pieces of the sky. Place the remaining pieces in the puzzle. How did you figure out where to place the pieces?

				Congruent figures have the same size and shape. When two figures are congruent, you can slide, flip, or turn one so that it fits exactly on the other one, as shown below. In this section, you will learn how to determine if geometric figures are congruent.

			

		

		
			
				We can think of congruent figures as figures that are exact copies of each other. In other words, we can put congruent figures one on top of the other so that each side, angle and vertex coincide (i.e. match perfectly).

			

		

		
			
				Figures that have the same shape and size are called congruent figures. The symbol for congruence is  or .
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				Congruence of figures

			

		

		
			
				1.2
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				- know and apply definition and properties of congruent figures;

				- know the axiom of existence of triangle, equal to given.
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					You will:
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					Definition
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					Activity

				

			

		

		
			
				Sort it Out!

				Divide into small groups and draw shapes then cut them. Make comparable figures. You can use the ruler to draw. Is it possible to draw a figure with nine sides? Can you draw a shape with curved and straight sides? To make congruent shapes, draw one shape, cut it, and then circle it on a piece of paper and cut the shape. Swap your shapes and sort them into groups that are congruent and groups that match. Check each other’s work.
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				The points, lines and angles which match perfectly when two congruent figures are placed one on top of the other are called corresponding elements or corresponding parts of the congruent figures.

			

		

		
			
				Corresponding Elements or Parts

			

		

		
			
				Which pairs of shapes are congruent? Explain your answer.

				Solution:

				A and C are congruent. Because, if we rotate shape A by 90 degrees, it fits onto shape C.

				D and H are congruent. Because, if we take the mirror image of shape D it fits on top of shape H.

			

		

		
			
				Which pairs of shapes are congruent? Explain your answer.

			

		

		
			
				The figures are congruent. Name the corresponding angles and the corresponding sides. 

				Solution:

				 Corresponding angles:	Corresponding sides:

				A corresponds to K	AB corresponds to KL
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				B corresponds to L	BC corresponds to LM
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				C corresponds to M	CD corresponds to MN
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				D corresponds to N	DA corresponds to NK
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					Definition
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				Example 1

			

		

		
			
				Example 2

			

		

		
			
				Practice 1

			

		

		
			
				Chapter 1
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				Sometimes we need or modify a figure to see that it is congruent to another figure. The basic changes that we can make to a figure are reflection (flipping), rotation (turning) and translation (sliding).
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				Note
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					Research time

				

			

		

		
			
				A car has many congruent parts. Search more informations and make a poster to show congruent parts of a car.
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					Terminology

				

			

		

		
			
				Congruence - теңдік/равенство

				Congruent - тең/равен

				Corresponding elements - сәйкес элементтер/ соответственные элементы

				Corresponding parts - сәйкес бөліктер/соответственные части

				Corresponding sides - сәйкес қабырғалар/ соответственные стороны 

				Corresponding angles - сәйкес бұрыштар/ соответственные углы
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				The figures are congruent. Name the corresponding angles and the corresponding sides. 

			

		

		
			
				The given figure are congruent. 

				a. What is the length of side JM?

				b. What is the perimeter of JKLM?

				Solution: 

				a. Side JM corresponds to side AD. So, the length of side JM is 10 cm.

				b. The perimeter of ABCD is 10 cm + 8 cm + 6 cm + 8 cm = 32 cm. Because, the figures are congruent, by the definiton their corresponding sides are congruent. So, the perimeter of JKLM is also 32 cm.

			

		

		
			
				The fronts of houses are congruent.

				a. What is the length of side LM?

				b. Which angle of JKLMN corresponds to D?

				c. Side AB is congruent to side AE. What is the length of side AB?

				d. What is the perimeter of ABCDE?
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				Chapter 1
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				Example 3

			

		

		
			
				Practice 2

			

		

		
			
				Practice 3
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					Activity

				

			

		

		
			
				Pair work!

				Here are two ways to draw one line to divide a rectangle into two congruent figures. Draw there are two other ways. 
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				Identical Twins have over 1000 body parts which are exactly the same.
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					Facts
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				Congruent Triangles

			

		

		
			
				Two triangles are congruent if and only if their corresponding sides and angles are congruent. We write  to mean that ABC and DEF are congruent.
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				In the following activity, we will learn about congruent triangles. 

				Step 1: On a piece of grid paper, draw two triangles like the ones below. Label vertices as shown.

				Step 2: Cut out the triangles. Put one triangle over the other so that the parts with the same measures match up.

				If a triangle can be translated, rotated, or reflected onto another triangle so that all of the vertices correspond, the triangles are congruent. triangles. The parts of congruent triangles that "match" are called corresponding parts.

				For example, 

				In the figure below, ABC and DEF are congruent triangles because, their corresponding parts are congruent. We can write this as follows:
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				Congruent Angles	Congruent Sides
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				We can show this symbolically in figure as follows: 
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				Chapter 1
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					Definition
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					Activity

				

			

		

		
			
				How many triangles are there?

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						
							[image: ]
						

						
							[image: ]
						

					

					
						[image: ]
					

					
						[image: ]
					

				

			

		

		
			[image: ]
		

		
			
				Congruence in the Real World

				- Look around your classroom or school. Find at least 5 different sets of congruent objects. 

				- Discuss with your classmates other real - life applications of congruence.
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					Discussion
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					Terminology

				

			

		

		
			
				Congruent triangles - тең үшбұрыштар/равные треугольники 

				Identical Twins – егіздер/близнецы

				Length - ұзындық/ длина

				Perimeter - периметр
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				1. Complete each statement, given that .

				a. PR___	b. ____K	
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				c. ____SP	d. S___	
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				e. ML____	f. L___	
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				2.  is given. State the corresponding angles and sides of the triangles.

				3. State the congruence  in six different ways.
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				Given that , state the congruent angles and sides of two triangles.

				Solution:

				At first, we can show congruent angles of triangles:

				Secondly, we can show congruent sides:

				And one of the interesting, we can write this congruence in six different ways if two triangles are congruent. For instance, if GHI and JKL are congruent, the following statements are all true:
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				Chapter 1
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				Example 4

			

		

		
			
				Practice 4
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					History

				

			

		

		
			
				A short history of the  symbol:

				Gottfried Wilhelm Leibniz

				(1640 - 1716)

				introduced for congruence in an unpublished manuscript in 1679.

				In 1777, 

				Johann Friedrich Haseler (1772 -1797)

				used   (with the tilde reversed).

				In 1824, 

				Carl Brandan Mollweide (1774 - 1825)

				used the modern symbol   for congruence in Euclid's Elements.
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				1. Triangles KLM and DEF are congruent.  cm the shortest side of KLM measures 14 cm and the longest side of the DEF measures 17 cm. Find the lengths of all sides of one of the triangles.
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				2. Two congruent triangles DEF and KLM are given. DE = 15 cm, EF = 18 cm and the perimeter of the triangle KLM is 39 cm. Find the length of the side DF of the triangle DEF.
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				 is given with AB = 11 cm, BC = 10 cm and EF + ED = 19 cm. Find the perimeter of .
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				Solution:

				Let us draw an appropriate figure

				Since , 

				AB = EF

				BC = FD

				AC = ED

				So by substituting the given values we get

				 11 cm = EF

				10 cm = FD 

				 AC = ED

				Since we are given that EF + ED = 19 cm, we have 

				11 cm + ED = 19: 

				ED = 8 cm

				So, 
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				Chapter 1
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				Example 5

			

		

		
			
				Practice 5
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					Activity

				

			

		

		
			
				Challenge!

				Remove five matches to make five congruent triangles.
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				problems
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				A 

				1. Conditions for congruency are _________ and ___________.

				2.  is given. State the corresponding congruent angles and sides of the triangles.

				3. Find pairs of congruent figures and explain your answer.

				4. Find pairs of congruent figures.

				5. Are the following pairs of figures congruent? Explain your answer.

				a.  
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				b. 

				 

				c.

				 

				d.

				 

				6. State the congruence  in six different ways.  

				7.  is given. List the congruent corresponding segments and angles of these triangles.

				8.  is given. Find length of sides of triangle PQK, if ,  and .
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				9. Two triangles ABC and CMN are congruent to each other with AB = 8 cm, CN = 3 cm and 

				CM = AC = 6 cm. Find BC and MN.
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				problems

			

		

		
			[image: ]
		

		
			
				10. Given . Find the length of BC and the measure of C, if NP = 12 cm and the measures of . 
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				B

				11. Madina has two congruent flower beds in her backyard. The flower beds are rectangles. If the longest side of one of the flower beds is 180 cm, how long is the longest side of the other bed?

				12. A triangle ABC is congruent to a second triangle KMN. Find unknown value in each statement, using the properties of congruence. 

				a.  

				b. 

				c. 

				d. 

				13. Describe and correct the error in telling whether the two figures are congruent.

				Both figures have four sides, and the corresponding side lengths are equal. So, they are congruent.

				14. Are the areas of two congruent fi gures equal? Explain. Draw a diagram to support your answer.
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				15. The trapezoids are congruent. Determine whether the statement is true or false. Explain your reasoning.

				a. Side AB is congruent to side YZ.

				b. A is congruent to X. 
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				A direct proof is a sequence of statements which are either givens or deductions from previous statements, and whose last statement is the conclusion to be proved.

			

		

		
			
				Proof by Direct Method

			

		

		
			
				Points A, B, C and D are collinear points such that C is between D and B, and D is between A and C. Prove that if AC = 3BC and BD = 3AD, then AD = BC. State your reasons for each step.

			

		

		
			
				Solution:

				Let us draw an appropriate figure with BC = x and AD = y.

			

		

		
			
				In geometry, every theorem that is used needs to be proved. Proofs can be made either directly (by construction) or indirectly (by contradiction). The main difference between the two methods is that direct proofs require showing that the conclusion to be proved is true, while in indirect proofs it suffices to show that all of the alternatives are false.

			

		

		
			
				Prove that if  in the figure then .
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					Statements

				

				
					Reasons

				

				
					1. AC = 3BC and BD = 3AD

				

				
					1. Given

				

				
					2. AC = 3x and BD = 3y

				

				
					2. Substitution property

				

				
					3. AC + CB = AB and 

					 AB = AD + DB

				

				
					3.  Segment Addition axiom

				

				
					4. AC + CB = AD + DB

				

				
					4. Transitive property

				

				
					5. 3x + x = y + 3y

				

				
					5. Substitution property

				

				
					6. 4x = 4y

				

				
					6. Simplifying

				

				
					7. x = y

				

				
					7. Division property

				

				
					8. BC = AD

				

				
					8. Substitution property of 

					 equality

				

			

		

		
			
				Methods of proof of theorems

			

		

		
			
				1.3
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				- know methods of proof of theorems: direct method and contradiction method.
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					You will:
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				Example 1

			

		

		
			
				Practice 1
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				Proof by Contradiction Method

				When we use an contradiction proof to prove a theory, we follow three steps.

				1. Start by assuming that the theory is false

				2. Next, we go about our proof and eventually run into a contradiction, that is something that doesn't make sense.

				3. The contradiction from step 2 proves our assumption of the theory being false not to be the case, so the theory must be true.

			

		

		
			
				A, B and C are collinear points.  cm,  cm and  cm. Prove that point C is not between points A and B.
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				A, B and C are collinear points.  cm,  cm and  cm. Prove that point C is not between points A and B.
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				Solution: 

				 1. Assume that point C lies between points A and B.

				2. Then, according to the axiom of measuring the segments 

				3. This contradicts the condition: , since  cm,  cm(). So point C is not between points A and B.
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				Chapter 1
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				Example 2

			

		

		
			
				Practice 2
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					Facts
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				One of usage of Indirect proof in real life is injustice. If someone accused of some crime, then the police check him for an alibi. Alibi is a contradiction for a crime. Because the accused was somewhere far from the crime place and physically could not do that crime.
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					Terminology

				

			

		

		
			
				Assume - болжау/ предполагать

				Contradiction - кері жору/ доказательства от противного 

				Direct proof - тура дәлелдеу/ прямое доказательство 

				Statement- тұжырым/утверждение
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				problems
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				A 

				For Exercises 1 and 2, the correct answer is one of the choices listed. Determine the correct answer by indirect reasoning, explaining how you eliminated each incorrect choice. 

				1. Which is the capital of Almaty Region (Almaty oblysy) ? 

				A) London

				B) Toyota Camry

				C) Taldykorgan

				D) Mars

				2. Which Italian scientist used a new invention called the telescope to discover the

				moons of Jupiter? 

				A) Dimash Kudaibergenuly

				B) Gianluigi Buffon

				C) Muhammed Ali 

				D) Galileo Galile

				3. In the equation , the value of  is ____.
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				A) 2

				B) 3

				C) 6

				D) 4

				E) 1
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				B

				4. In an indirect proof, we assume that the fact we wish to prove true is actually____.

				A)False

				B)True

				C) Both A and B variants

				D) None of the above

				5. For a given mathematical statement, the are _____ possibilities; either the statement is true or it is not true.

				A) Three

				B) Two

				C)Four

				D) One

				E) None of the above

				6. True or False: If two straight lines intersect, each two vertically opposite angles are equal in measure.

				A)True

				B)False

				7. True or False: The sum of the measures of the angles around a point is equal to  .

				A)True

				B)False

				8. To prove a triangle has at most one right angle by using indirect proof, the assumption to be made is:

				A) Triangle has more than one right angle.

				B) Sum of the angles of a triangle is equal to 180 degrees.

				C) Each angle of a triangle has to be more than 0 degrees.

				D) None of the above.
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				problems
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				9. If  , prove that either  or .
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				10. If  and  , then  .
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				11. If  and  , then prove  .
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				12. For the shape below, is it right that  ?

				 

				13. Use an indirect proof to prove that a triangle cannot have more than one obtuse angle.

				14. If two lines intersect, then their intersection is exactly one point.

				15. Put the statements in right order:

				A) ___ Identify the statement that you want to prove is true.

				B) ___ Obtain statements that logically follow from your assumption.

				C) ___ If you obtain a contradiction, then the 
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				original statement must be true

				D)___ Begin by assuming the statement is false; assume its opposite is true.

				16. Use proof by contradiction: All my friends are taller than me:

				 

				17. Which of the following is NOT a difference between direct and indirect proofs?

				A) Direct proofs involve assuming a hypothesis is true, and indirect proofs involve assuming a conjecture is false.

				B) Indirect proofs look for a contradiction to their original assumption, and direct proofs do not.

				C) Indirect proof usually start with the statement 'assume not' or 'assume the opposite', and direct proofs do not.

				D) Direct proofs use other theorems, rules, and definitions in their proofs, and indirect proofs do not.
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				ADJACENT ANGLES

			

		

		
			
				Consider a wall clock, the minute hand and the second hand of the clock form one angle represented as ABC and the hour hand forms another angle with the second hand represented as CBD. Both these pair of angles i.e. ABC and CBD lie next to each other and are known as adjacent angles.
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				Adjacent angles are two coplanar angles that have one common side and a common vertex. The opposite of adjacent is non-adjacent.

			

		

		
			
				The following shows some examples of an adjacent angles and non-adjacent angles.

				1 and 2 are adjacent angles.
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				3 and 4 are non-adjacent angles.
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				Adjacent and vertical angles. their properties

			

		

		
			
				1.4
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				- know the definitions of adjacent and vertical angles;

				- prove and apply properties of vertical and adjacent angles;

				- know the notion about a perpendicular.
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					You will:
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				Definition
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				The Meaning of a Word Adjacent

				When two regions are adjacent, they are the next to each other and they share a common border.
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				Coplanar means lying on the same plane.
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				Note
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				1. Name the pairs of adjacent angles in the figures below.	

				a.  b. 
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				2. Are the following pairs adjacent angles? If not, state the reason.

				a. PMQ and RMQ	
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				b. RMQ and SMR
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				c. RMS and RMT	
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				d. SMT and RMS
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				Name the pair of adjacent angles in the figures below.

				a.  	b. 
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				Solution:

				a. ANB and CNB share a common side and have the same vertex N. So, ANB and CNB, ANB and ANC are adjacent angles.
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				b. PQR and PQT share a common side and have the same vertex Q. So, PQR and PQT are adjacent angles.
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				Adjacent Complementary Angles

			

		

		
			
				If two angles both adjacent and complementary then they are called adjacent complementary angles.

			

		

		
			
				Chapter 1
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				Definition
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				Example 1

			

		

		
			
				Practice 1

			

		

		
			
				In the figure opposite, the sum of the measures of 1 and 2 is 900 and ray OC is common sides of 1 and 2. So 1 and 2 are adjacent complementary angles.
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					Terminology

				

			

		

		
			
				Adjacent angles - іргелес бұрыштар/ прилежащие углы

				Coplanar - компланар/ компланарный

				Adjacent сomplementary angles - толықтаушы бұрыштар/ дополнительные углы
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					Facts
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				The adjective "complementary" comes from the Latin word complementum, which means "this thing which fills up or completes".
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				Two angles are called complementary angles if the sum of their measures is 900. Each angle is called a complement of the other angle.
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				Note
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				Adjacent Supplementary Angles

			

		

		
			
				If two angles both are adjacent and supplementary then they are called adjacent supplementary angles or a linear pairs. 

			

		

		
			
				In the figure opposite, AOC and BOC are adjacent angles and . 

				
					[image: ]
				

				So AOC and BOC are adjacent supplementary and a linear pairs of angles.
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				1. The ratio of measures of two adjacent complementary angles is 3 : 4. Find the measure of each angle.

				2. Measure of an angle is 10° less than four times measure of its complement. Find the measure of these angles.

				3. Difference between squares of measures of two adjacent complementary angles is 2700°. Find the measure of each angle. 

			

		

		
			
				The ratio of the measures of two adjacent complementary angles is 1 : 5. Find the measure of each angle.

			

		

		
			
				Solution:

				Let us draw an appropriate figure. We know that sum of the measures of two adjacent commplementary angles is 90°. So, 

				m(MOP)+ m(NOP) = 90°
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				x + 5x = 90°

				x = 15°

				Therefore, m(MOP) = 15° and m(NOP) = 75°.
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				Chapter 1
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				Example 2

			

		

		
			
				Practice 2
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				Definition
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				We can add angle measures. When two or more adjacent angles form a larger angle, the sum of the measures of the smaller angles is equal to the measure of the larger angle.

				For example, 

				For the figure below, 

				1 + 2 =  3 
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				Two angles are called supplementary angles if the sum of their measures is 1800. Each angle is called a supplement of the other angle.
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				Note

			

		

		
			
				Note
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				The adjective "supplement" comes from the Latin word supplere, which means "to complete or supply what is needed".
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					Facts
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				1 and 2 are adjacent supplementary angles with 
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				m(1) = 4x + 75° and m(2) = 5x + 15°. Find the measure of 2.
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				Solution:

				If two angles are adjacent supplementary, then the sum of these angles is 180°. Hence,

				1 + 2 = 180° 

				
					[image: ]
				

				4x + 75° + 5x + 15° = 180°

				9x = 90°

				x = 10°.

				Hence, m(2) = 65°.
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				1. 1 and 2 are adjacent supplementary angles with 
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				m(1) = 2a − 80° and m(2) = a − 10°. Find the measure each angle.
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				2. The ratio of the measures of two adjacent supplementary angles 1 : 4. Find the measure of each angle.

				3. The measure of an angle is 40° less the measure of its supplement. Find the measure of these angles.
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				vertical angles

			

		

		
			
				Two angles are called vertical angles if and only if they are two non-adjacent angles formed by two intersecting lines. And vertical angles are congruent.

			

		

		
			
				In the figure opposite, 1 and 3 are vertical angles, and 2 and 4 are also vertical angles. Then, 
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				 1  3, 2  4.
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				Chapter 1
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				Example 3

			

		

		
			
				Practice 3
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				Definition
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					Discussion

				

			

		

		
			
				Discuss with your classmates. How can we remember that complementary means 90° and supplementary means 180°? Try to find simple ways to remember this rules.
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					Activity

				

			

		

		
			
				Work with a partner

				Describe and correct the error in naming a pair of vertical angles.

				ACB and BCD are vertical angles.
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					Terminology

				

			

		

		
			
				Less - аз/меньше

				Pair - жұп/пара

				Ratio - қатынас/соотношение

				Substitute - алмастыру/заменять

				Adjacent supplementary angles - сыбайлас бұрыштар/ смежные углы

				Vertical angles - вертикаль бұрыштар/ вертикальные углы
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				b. In the picture oppоsite, ABC and DBE are vertical angles wit , 
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				 and . Find the values of x and y.
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				Solution:

				a. By using definition of vertical angles, we have

				b. Since ABC and DBE are vertical angles,
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				Substituting the given values gives us 

				Also,  (Straight angle)

				This gives us 5x − 20° + 3y − 10° = 180°

				Substituting x = 30° and solving for y gives us y = 20°.
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				1. Find the values of the variables in each figure. 

				 

					

					

			

		

		
			
				Chapter 1
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				Practice 4

			

		

		
			
				Calculate the values of the unknows.

				a. Find value of x in figure.
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				Example 4
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					Research time

				

			

		

		
			
				Find in browser “Adjacent and vertical angles” video. Watch the video and answer the questions:

				- How many properties do adja-cent and vertical angles have?

				- Which one of them you can eas-ily prove?
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				- Vertical angles are always con-gruent;

				- Both pairs of vertical angles or the sum of all four angles always equals 360°;

				- They form an X shape;

				- They are opposite from each other;

				- They share a vertex;

				- Formed by two intersecting lines.
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					Facts
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				Perpendicular

			

		

		
			
				Perpendicular lines are defined as two lines that meet or intersect each other at a right angle. (90°). Perpendicular is denoted by a symbol .
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				Perpendicular lines can be found everywhere around us. Some examples are given below

			

		

		
			
				In the figure at the right, a line AC is perpendicular to a line BC. In other word ACBC.
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				2. The sum of the measures of two angles which are formed by the intersection of two lines is 270°. Find the measure of each angle.

			

		

		
			
				Chapter 1
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				Definition
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					Facts
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				Perpendicular lines are always intersecting lines: however, intersecting lines are not always perpendicular.
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				∟- also means right angle (90°).
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				Note
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					Terminology

				

			

		

		
			
				Perpendicular lines - перпендикуляр түзулер/ перпендикулярные прямые
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				problems
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				A

				1. Draw a figure to show

				a. Two adjacent angles.

				b. Two non-adjacent angles.

				c. Two adjacent supplementary angles.

				d. Two congruent adjacent supplementary angles.

				e. Two adjacent complementary angles.

				f. Two congruent adjacent complementary angles.

				2. Find the adjacent complementary angle of each of the following angles.

				a. 28°	b. 42°	c. 18°	d. 72°	e. 60°

				3. Find the adjacent supplementary angle of each of the following angles.

				a. 108°	b. 82°	c. 101°	d. 89°	e. 98°

				4. Find x in each figure if the angles are adjacent supplementary.

				a. 

				b. 

				c. 
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				5. x, y and z are three angles which form a straight angle.

				a. if y = 36° and z = 78°, find the value of x.

				b. if x = 21° and z = 102°, find the value of y.

				c. if y = 65° and y = 53°, find the value of z.

				6. Find x in each figure if the angles are adjacent complementary.

				a. 

				b. 

				c. 

				7. Find the value of x in each figure.

				a. 
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				problems
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				b. 

				c. 

				d. 

				e. 

				f. 

				8. Find the value of variable in each case.

				a.  

				b. 
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				B 

				9. 1 and 2 are adjacent supplementary angles with m(1) = a − 30° and m(2) = 3a + 500. Find the measure of each angle.
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				10. The ratio of the measures of two adjacent complementary angles is 7 : 8. Find the measure of each angle. 

				11. The ratio of the measures of two adjacent supplementary angles is 2 : 3. Find the measure of each angle.

				12. Given that the measure of an angle is 25° less the measure of its supplement. Find the measure of these angles.

				13. Given that the measure of an angle is 30° less than four times the measure of its complement. Find the measure of these angles. 

				14. The difference between the measures of two adjacent complementary angles is 36°. Find the measure of the larger angle.

				15. The difference of two adjacent supplementary angles is 50°, then find the ratio of these angles.

				16. In the figure, ,  and with . Find the value of x. 
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				problems
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				17. In the given figure, . What is the measure of ?
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				18. The sum of the measures of three angles which are formed by the intersection of two lines is 240°. Find the measure of each angle.

				19. The sum of the measures of two angles which are formed by the intersection of two lines is 260°. Find the measure of each angle.

				20.  and  are complementary angles such that the measure of  is five times the measure of . Find .
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				C

				21. Find the values of the variables in each figure.

				a. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

			

		

		
			
				b. 

				c. 

				d. 

				22. Two angles a and b are complementary angles such that the supplement of angle a is of the supplement of angle b. What is ?
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				23. 10 more than the half of the supplement of an angle is 5 more than three times of its complement. What is the measure of this angle?

				24. The sum of the measures of the complement and supplement of an angle C is 130°. Find .
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				problems
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				25. If two supplementary angles are congruent, what must be true about these angles? Make a sketch, then complete the following conjecture: If two angles are both congruent and supplementary, then _______________________________.

				26. x, y and z are three angles which form a straight angle.

				a. if x = y  + z, find the value of x.

				b. if y = x + z, find the value of y.

				c. if z = x  + y, find the value of z.
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				S U M M A R Y
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				point

				A point is a perfect location. It has no size, only position.

				line

				A line is defined as a line of points, that extend infinitely in two directions.It has one dimension, length. But it has no width and height.

				Line segment

				Line segment is a piece or part of a line having two endpoints.

				Collinear points

				Collinear points are points that lie on the same line. 

				Coplanar points

				Coplanar points are points that lie on the same plane.

				ray

				A ray is a straight line which extends infinitly in one direction from fixed point. 

				angle

				An angle is a shape, formed by two lines or rays diverging from a common point. An angle is denoted by symbol . 

				triangle

				A triangle is a plane figure which is formed by three line segments joining three noncollinear points. We name a triangle with the symbol  
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				axiom

				A axiom (also called a postulate) is a statement that is presumed to be true, and that does not (or cannot be) need to be proven.

				Axioms of Belonging of Points and Lines 

				Through any two points, there exists exactly one line. 

				Axioms of Ordering

				Among any three points placed in a straight line, there is no more than one point placed between the two others. 

				Axioms of Line Intersection 

				If two lines intersect, then their intersection is exactly one point. 

				Axioms of Measuring of Segments

				If a point B is between points A and C if and only if A, C and B are collinear then AB + BC = AC

				 

				theorem

				A theorem is a mathematical statement which is proven to be true.

				congruent figures

				Figures that have the same shape and size are called congruent figures. The symbol for congruence is  or . 
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				CONGRUENT TRIANGLE

				Two triangles are congruent if and only if their corresponding sides and angles are congruent.

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

		

		
			[image: ]
		

	
		
			
				S U M M A R Y
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				 Adjacent angles

				Adjacent angles are two coplanar angles that have one common sides and a common vertex. 

				adjacent complementary angles.

				If two angles both adjacent and complementary then they are called adjacent complementary angles.

				 

				adjacent supplementary angles

				If two angles both adjacent and supplementary then they are called adjacent supplementary angles or a linear pairs. 

				 

				 

				vertical angles

				Two angles are called vertical angles if and only if they are two non - adjacent angles formed by two intersecting lines. And vertical angles are congruent. 1 and 3 are vertical angles, and 2 and 4 are also vertical angles.
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				Plane

				A plane is the third undefined basic concept in geometry. We can think of a plane as a flat surface with no thickness that extends without end in all directions. 
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				chapter
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				Triangles

			

		

		
			
				2
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				2.1 The Triangle and Its Types

				2.2 auxiliary elements of a triangle

				2.3 PROPERTies of triangle equality

				2.4 Isosceles Triangle and Its Properties

			

		

		
			
				Why study Triangles

			

		

		
			
				you already know 

			

		

		
			
				 Triangles are particularly important because arbitrary polygons (with 4, 5, 6, or n sides) can be decomposed into triangles. Thus, understanding the basic properties of triangles allows for deeper study of these larger polygons as well. Interestingly, the triangle is the only rigid polygon formed out of straight line segments, meaning that if the three lengths of the sides are given, the measurements correspond to a unique triangle. Because of this, it is often possible, given some information about a triangle (e.g. some side lengths and some angles), to determine additional facts about the triangle.

			

		

		
			
				- perpendicular line segments;

				- parallel lines;

				- perpendicular to a straight line;

				- central symmetry;

				- find the values of numerical and alphabetic expressions;

				- properties of vertical and adjacent angles;

				- axiom of existence of triangle, equal to given.
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				The triangle and its types

			

		

		
			
				- distinguish types of triangles;

				- know the elements of equilateral, isosceles and right triangles.

			

		

		
			
				2.1
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					You will:
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				After previous chapter, we know that triangle is a figure with three line segments joining three noncollinear points. Each pair of segments forms an angle of triangle. The vertex of each angle is a vertex of the triangle.

				Triangles are named by the letters at their vertices. Triangle ABC, written ABC, is shown below. 

				The sides are AB, BC and AC

				The vertices are A, B and C

				The interior angles are A, B and C
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				Types of A Triangle

			

		

		
			
				Some triangles are given unique names according to the lengths of their sides or the measures of their angles.

			

		

		
			
				A triangle is called scalene, isosceles or equilateral, depending on its sides.

			

		

		
			
				Types of Triangle According to Sides

			

		

		
			
				A scalene triangle is a triangle with no congruent sides.

			

		

		
			
				Scalene Triangle

			

		

		
			
				For example, 

				In the figures below given scalene triangles. None of the sides is equal in length to any of the other sides in this case. In a scalene triangle, even the interior angles are all different. I.e. , ,  and , , .
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				the triangle and its elements
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					Definition
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					Definition
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				The side AC of a scalene triangle ABC measures 12 cm, which 7 cm less than the length of the BC. AB is 60% of AC. Find the perimeter of this triangle.

				Solution:

				Let us draw appropriate figure. Firstly, find the length of side BC. 

				So, the length of BC is 19 cm. Then let us find the length of AB

				Therefore, AB = 7.2 cm.

				Since, 

				Perimeter of this triangle is 38.2 cm.
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				In a triangle DEF, length of the side DF is 8 cm, DE is  of DF and the length of EF is 3 cm less than the length of DE. Find perimeter of the triangle DEF.
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				Isosceles Triangle

			

		

		
			
				A triangle is called isosceles if it has at least two congruent sides. The isosceles triangle also consists of two equal angles.

			

		

		
			
				Some parts of isosceles triangles have special names.

				The angle formed by the congruent sides is called the vertex angle.

				The congruent sides are called legs.

				The side opposite the vertex angle is called the base.

				The two angles formed by the base and one of the congruent sides are called base angles. 
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					Example 1

				

			

		

		
			
				Practice 1

			

		

		
			
				Chapter 2
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				The sum of lengths of three sides of a triangle is called a perimeter of the triangle. We write  to mean the perimeter of a triangle ABC.
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				Note
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					Activity

				

			

		

		
			
				 

				Make a circle using a thread. Place three fingers inside the circle to form a triangle. You can change the positions of fingers and obtain every time a different triangle. What is common for all triangle that you obtained?
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					Terminology

				

			

		

		
			
				According to - сәйкес/ в соответствии с

				Base - табаны/основание

				Isosceles - тең бүйірлі/ равнобедренный

				Legs - бүйір қабырғасы/боковые стороны

				Scalene triangle  - қабырғаларының ұзындықтары әртүрлі болатын үшбұрыш/ разносторонний треугольник

				Vertex - төбесі/ вершина
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				In , . Given that KN is 4 cm less than MN and MK is 2 cm more than three times KN, find perimeter of .
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				1. The sides of a triangle measure 2x + 8, 3x — 6, 12 + x. Find the value(s) of x that make the triangle isosceles.

				2. The sum of the length of the legs of an isosceles right triangle is 22 cm. Perimeter of this triangle is 53 cm. Find third side of this triangle.

			

		

		
			
				A triangle is called equilateral if it has three congruent sides.

			

		

		
			
				Equilateral Triangle

			

		

		
			
				Solution:

				We begin by drawing the figure opposite. 

				If MK = x then KN = x — 4. 

				Also, MK = MN 

				because . 

				Also, we are given 

				MN = 3KN + 2 

				x = 3(x — 4) + 2

				x = 5

				Since  cm.
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				The three sides of a triangle measure 5a + 8, a + 12 and 3a + 10 with . Which value of a makes this triangle equilateral?
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				Solution:

				If the triangle is equilateral, all sides must be congruent.

				So, 

				5a + 8 = a + 12 = 3a + 10. Let us solve the first equality to find a.

				5a + 8 = a + 12

				a = 1. 

				If we substitute 1 for a, the side length become 13, 13 and 13. So the triangle is equilateral when a = 1.

			

		

		
			
				For example, 

				This is an equilateral triangle. In equilateral triangles all the sides are equal. So we can say that they have identical sides and identical angles. 
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					Example 2
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					Example 3

				

			

		

		
			
				Practice 2
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						Definition
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				Chapter 2
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					Activity

				

			

		

		
			
				Find six toothpicks and try to do each thing below. Some things may not be possible. Can you explain?

				a. Make one equilateral triangle with six toothpicks.

				b. Make two equilateral triangle with six toothpicks.

				c. Make three equilateral triangle with six toothpicks.

				d. Make four equilateral triangle with six toothpicks.
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				The three sides of a triangle measure 3x, x + 10 and 6x — 15. Which value of x makes the triangles equilateral? 

			

		

		
			
				Practice 3

			

		

		
			
				Types Triangles According to Angles

			

		

		
			
				We classified angles as acute, right, or obtuse. Triangles can also be classified by their angles.

			

		

		
			
				A triangle is called an acute triangle if all its angles are acute.

				A triangle is called a right triangle if it has a right angle.

				A triangle is called an obtuse triangle if it has an obtuse angle.

			

		

		
			
				Some parts of right triangles have special names.

				the sides adjacent to the right angle are called the legs of the triangle. 

				the side opposite the right angle is called the hypotenuse of the triangle.

			

		

		
			
				Classify each triangle according to its angle measures.

			

		

		
			
				Solution:

				a. right triangle b. acute triangle c. acute triangle

				d. obtuse triangle e. obtuse triangle 

			

		

		
			
				Classify each triangle according to its angle measures.

			

		

		
			
				Practice 5
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					Example 4
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						Definition
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				Chapter 2
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				Acute Triangle

				Right Triangle

				Obtuse Triangle
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				Note
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					Discussion

				

			

		

		
			
				Discuss with your classmates. How are the 6 types of triangles related to one another? For example, can an acute angled triangle be an isosceles triangle?
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					Terminology

				

			

		

		
			
				Acute triangle - сүйірбұрышты үшбұрыш/остроугольный треугольник

				Equilateral - тең қабырғалы/равносторонний

				Hypotenuse - гипотенуза

				Obtuse triangle - доғал бұрышты үшбұрыш/тупоугольный треугольник

				Right triangle - тікбұрышты үшбұрыш/прямоугольный треугольник
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				problems
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				A

				1. Arrange triangles according to their sides and angles: acute triangle, equilateral triangle, scalene triangle, right triangle, obtuse triangle, isosceles triangle.

				
					Types of triangles according to sides

				

				
					Types of triangles according to angles

				

				2. Complete the statements.

				a. A triangle with sides of different lengths is called ____ .

				b. A triangle is called ____ if all its angles are smaller than 90°.

				c. A triangle is called ____ if it has two sides of the same length.

				d. A triangle is called ____ if one of its angles bigger than 90°.

				e. If all sides of the triangle are of the same length it is called ____ .

				3. Look at the figure and name. 
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				a. an isosceles triangle.

				b. three right triangles.

				c. an obtuse isosceles triangle.

				d. an acute triangle.

				e. an equilateral triangle.

				4. Write the type of each triangle according to its sides. 

				 

				 

				 

				5. Write the type of each triangle according to its angles. 
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				problems
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				B

				6. Find the side lengths of the triangle. 

				7. The sides of a triangle measure 3a - 5, a + 15 and 45 - 2a. 

				a. Find the value(s) of a that make(s) the triangle isosceles.

				b. Which value(s) of a make(s) the triangle equilateral?

				8. Divide any right triangle using two lines so that the figure contains a total of

				a. five right triangles

				b. six right triangles
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				C

				9. All sides of a scalene triangle are consecutive natural numbers and its perimeter is 24 cm. Find sides of the triangle.

				10. In a triangle ,  is  of ,  and  cm. Find . 
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				11. The sides of the isosceles triangle are consecutive integer numbers. If the perimeter of the triangle is 22 cm, find the lengths of sides of the triangle.

				12. The sides of scalene triangle are consecutive even numbers. Find the lengths of sides of the triangle, if its perimeter is 42 cm.
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				Name the median in each triangle and show its length.

				Solution:

				a. median MD, length Vm;	b. median TE, length Vt;

				c. median PF, length Vp.

			

		

		
			
				Name a median in each triangle and show its length.

			

		

		
			
				Practice 1

			

		

		
			
				A triangle has three special line segments which can often help us to solve triangle problems. These special segments are the median, the altitude and the bisector of the triangle.

			

		

		
			
				In a triangle, a line segment joining a vertex to the midpoint of the opposite side is called a median of the triangle. A median divides the opposite side into two equal line segments.

			

		

		
			
				Median

			

		

		
			
				A triangle has three medians. We usually use the capital letter V to show the lengths of medians and write as Va, Vb and Vc, where Vc means a median drawn from vertex C. And an intersection point of medians of a triangle is called centroid. In this figure, O is a centroid of a triangle.

			

		

		
			
				auxiliary elements of a triangle

			

		

		
			
				2.2
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						Definition
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					Example 1
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				- know the definitions of a median, bisector, altitude, midperpendicular, and triangle midline and draw them;

				- compare the location of the altitudes in acute-angled, right-angled and obtuse-angled triangles.
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					You will:

				

			

			
				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Auxiliary elements are extra or additional elements.
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				Note
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				Imagine that you are a sculptor. You plan to make a new sculpture that will include a triangle balanced on the tip of a pencil. Once you use the medians to find the centroid, you will have also found the point of balance.
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					Facts
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				Chapter 2

			

		

		
			
				In a triangle ABC,  is a median,  an Find the length of . 
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				Solution:

				N is the midpoint.
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					Name an angle bisector in each triangle and show its length.

				Solution:

				a. bisector BN, length 	b. bisector ML, length 
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				c. bisector MS, length 
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				In the triangle ABC,  is a median,  and . Find the length of . 
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				Practice 2

			

		

		
			
				In a triangle, a line segment that bisects an angle of the triangle and has an endpoint on the opposite side is called an angle bisector of the triangle. 

			

		

		
			
				Angle Bisector

			

		

		
			
				Any triangle has three angle bisectors. We usually use the letter  to show the lengths of an angle bisector and writen as ,  and . And an intersection point of the angle bisectors of a triangle is called incenter. In this figure, T is a incenter of a triangle.
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						Definition
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					Example 3
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					Example 2
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					Activity

				

			

		

		
			
				The figures below show how to construct medians by paper folding.

				1. Fold one vertex R to another vertex P. This locates the midpoint M of a side.

				2. Unfold the triangle. Then fold it so that the fold contains the midpoint M and the opposite vertex Q. 

				By using methods as showing above, try to do the following exercise:

				Cut out a large triangle. Fold the paper carefully to construct the three medians of the triangle. Use a ruler to measure the length of each median and the distance of each vertex from the centroid.
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					Terminology

				

			

		

		
			
				Altitude - биіктік/высота

				Bisect - тең екіге бөлу (қақ бөлу)/делить пополам

				Bisector - биссектриса

				Centroid - ауырлық ортасы/ центр тяжести

				Median - медиана
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				Chapter 2

			

		

		
			
				Name an angle bisector in each triangle and show its length.

			

		

		
			
				Practice 3

			

		

		
			
				In a triangle, a perpendicular line segment from a vertex of the triangle to the line containing the opposite side of the triangle is called an altitude of the triangle. 

			

		

		
			
				Name the altitude in each triangle and show its length.

				Solution:

				a. altitude NH, length 	b. altitude PS, length 
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				c. altitude KL, length 
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				Altitude

			

		

		
			
				In a triangle, the length of an altitude is called a height of the triangle. A triangle has three altitudes. We usually use the letter  to show the length of an altitude and write as ,  and . And an intersection point of altitudes of a triangle is called orthocenter. In this figure, P is a orthocenter of a triangle. The orthocenter of a triangle can be inside, on, or outside the triangle.
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				Name the median, angle bisector and altitude in each triangle and show its length. 

			

		

		
			
				Practice 4
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						Definition
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					Example 4
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					Research time

				

			

		

		
			
				We can construct an angle bisectors of a triangle by paper folding. So try to learn more about it on the Internet and then try to do it yourself to show and explain to your classmates.
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					Activity

				

			

		

		
			
				The figure below show how to construct altitudes by paper folding.

				Fold the triangle so that a side AC overlaps itself and the fold contains the opposite vertex B.

				By using methods as showing above, try to do the following exercise:

				Cut out a large acute triangle. Fold the paper carefully to construct the three altitudes of the triangle. And find orthocenter of a triangle. 
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				Chapter 2

			

		

		
			
				Every triangle has three altitudes. An altitude can be inside, outside, or on the triangle.

				In an acute-angled triangle, altitude lies inside the triangle.

				 

				In a right-angled triangle, two altitudes lie on the legs of the triangle and one altitude lies from the vertex to the hypotenuse of the triangle.

				 

				In an obtuse-angled triangle, altitude lies outside the triangle.

			

		

		
			
				Location of the Altitudes

			

		

		
			
				Draw altitudes of the given triangles. 

			

		

		
			
				Solution:

				As we know, any triangles have three altitudes. So that, in the following figures we will find the three altitudes of the triangles. 

			

		

		
			
				Draw altitudes of the given triangles.

			

		

		
			
				Practice 5
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					Example 5

				

			

		

		
			
				You can do this activity either in groups or individualy. 

				You need: 

				blank paper or flipchart, 

				colourful pencil.

				Intraction:

				- Choose one type of triangle (according to sides or angles).

				- Draw a picture of an animal or geometric pattern using chosen triangle.

				- Present your work to your classmates.
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					Art Time
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					Terminology

				

			

		

		
			
				Inside - ішінде/ внутри

				On the Triangle - үшбұрышта/на треугольнике

				Outside - сыртында/снаружи

				Respectively - сәйкесінше/ соответственно
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				Draw all perpendicular bisectors of the given triangle. 

			

		

		
			
				Practice 6

			

		

		
			
				In a triangle, a line that is perpendicular to a side at its midpoint is called a perpendicular bisector of the triangle. 

			

		

		
			
				Draw all perpendicular bisectors of a given triangle ABC.

			

		

		
			
				Solution:

				DO, FO and EO are perpendicular bisectors of triangle ABC. O is intersection of perpendicular bisectors. 

			

		

		
			
				Perpendicular Bisector

			

		

		
			
				In the figure, HN, DN, and EN are the perpendicular bisectors of the triangle . Perpendicular bisectors in a triangle are always concurrent, i.e. they all intersect at the same point.
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				A line segment which joins midpoints of two sides of a triangle is called a midline of the triangle. 

			

		

		
			
				Triangle Midline

			

		

		
			
				Chapter 2
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						Definition
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						Definition
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					Example 6
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					Research time

				

			

		

		
			
				Find in browser “Medians, bisectors, altitudes and midlines of triangle” video. Watch the video and explain difference between them.

			

		

		
			
				Midline is parallel to the third side and its length equals half the length of the third side.
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					Property 1
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				In the figure,  and ,  and .
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				Draw all midlines of the given triangle. 

			

		

		
			
				Practice 7

			

		

		
			
				Draw all midlines of the given triangle. 

			

		

		
			
				Solution:

				At first, by using the ruler we find midpoints of each side of a triangle. And then, we join these points to each other. As we can see the figure at the right, show as the midlines of a triangle.

			

		

		
			
				Chapter 2
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					Example 7
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					Facts
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				Any side of a triangle must be shorter than the other two sides added together. Why? Well imagine one side is not shorter:

				If a side is longer, then the other two sides don't meet:

				If a side is equal to the other two sides it is not a triangle (just a straight line back and forth).
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					Terminology

				

			

		

		
			
				Concurrent lines - бір нүктеде қиылысатын түзулер/прямые, пересекающиеся в одной точке

				Midline - орта сызық/ средняя линия

				Midpoint - ортаңғы нүкте/средняя точка

				Perpendicular Bisector - орта перпендикуляр/серединный перпендикуляр
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				problems
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				A

				1. What is the median of the triangle?

				2. Write the definition of height of the triangle.

				3. What is the bisector of the triangle?

				4. What is the midline of the triangle?

				5. Write the definition of the midperpendicular.

				6. Decide whether each definition is true or false. State whether true (T) or false (F).

				a. All medians of any triangle have not a common point. ( )

				b. There are three midlines for any 

				triangle. ( )

				c. Intersection point of angle bisectors of a triangle is on the triangle. ( )

				d. Angle between altitude and base that it passes is always . ( )

				e. A midline of a triangle is a segment whose endpoints are the midpoints of two sides of the triangle. ( )

				7. Use the figures below to complete the statements.
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				a. Point O is an intersection point of ____ .

				b. Line segments ____ are medians.

				c. Line segment ____ is an altitude of a triangle ____ .

				d. Lines JQ and HQ are ____ .

				e. Triangle  is a(n) ____ triangle.

				f. Point ____ is a common point of perpendicular bisectors. 

				g. Line segments ____ are bisectors.

				h. A line segment LF is congruent to a segment ____ .

				i. Point ____ is a midpoint of segment TR.

				j. Measure of   is equal to measure of an angle ____ .

				B

				8. In the triangle, ABC, CD is a median of side AB, AE is the bisector of angle BAC and is an altitude to the side BC. The intersection point of AE and CD is at point M. Draw and name all triangles in the figure formed.

				9. Find the intersection point of medians of the given triangle, given in a 1 cm square grid.

				10. Draw all midlines of given triangle, given in a 1 cm square grid.
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				problems
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				11. Draw intersection point of perpendicular bisectors of sides of the triangle.

				12. Draw the angle bisector of given angle in the figure.

				13. Draw the intersection points of altitudes of triangle in the figure.

				14. Find intersection point of altitudes of triangle, given in a 1 cm square grid.
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				C

				15. In a triangle DEF, EM is the median of side DF. If DE = 11.4, MF = 4.6 and the perimeter of DEF is 27, find the length of side EF. 

				16. Fill in the blanks with triangle types according to their sides.

				17. Draw a line so that measure of angle will be 45 degrees.

				18. In a 1 cm square grid, the line segment is a side of a triangle and M is an intersection point of medians. Draw the triangle.
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				Two triangles are said to be congruent if all three corresponding sides are equal and all the three corresponding angles are equal in measure. 

				Is it possible to show that two triangles are congruent without showing that all six pairs of corresponding parts are congruent? Let's look for a shortcut. So, in the table, we can see the shortcuts for proving triangles congruent.

			

		

		
			
				
					The Side-Side-Side Congruence 

					(SSS)

				

				
					The Side-Angle-Side Congruence 

					(SAS)

				

				
					The Angle-Side-Angle Congruence 

					(ASA)

				

				
					The Angle-Angle-Side Congruence 

					(AAS)
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				Let's use patty paper to explore three pairs of congruent sides.

				1. Draw a triangle on a piece of patty paper. 

				2. Copy the sides of the triangle onto another piece of patty paper and cut them out. 

				3. Arrange the pieces so that they form a triangle.

				4. Is this triangle congruent to the original triangle? Justify your reasons.

				5. Try to form another triangle. Is it congruent to the original triangle?

				At the result, can we use three pairs of congruent sides to show that two triangles are congruent? 

				Hence, this activity suggests the following axiom.
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				The Side-Side-Side (SSS) Congruence

			

		

		
			
				CONGRUENT TRIANGLES

			

		

		
			
				congruent Triangles

			

		

		
			
				2.3
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				- know and prove the properties of triangle equality; - use the conditions of triangle equality to solve calculation and proof problems.
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					You will:
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					Research time

				

			

		

		
			
				Engineers used the property of triangle rigidity to design the support for the Baiterek. And also to build bridges, towers, and other structures. 

				Search in website about "Property of triangle rigidity" and make a poster with your friends and explain to your classmates.
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				Look at the figure and use SSS to explain why .
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				In the figure,  . Use SSS to find the value of x.
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				Solution:

				Since  we have ,  and .
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				 means 17 = 3x – 1. So x = 6 cm.
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				Look at the figure. Explain why ?
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				In the figure,  . Find the value of x.
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				Practice 1

			

		

		
			
				Practice 2

			

		

		
			
				Solution:

				In the figure given that ,  and . So by SSS Congruence .
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				Chapter 2
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					Example 1
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					Example 2
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					Terminology

				

			

		

		
			
				Arrange - орналастырыңыз/расставить

				Congruence - теңдік/равенство

				Pair - жұп/пара

				Rigidity - қаттылық/жесткость

			

		

		
			
				If three sides of one triangle are congruent to three corresponding sides of another triangle, then the triangles are congruent.

			

		

		
			
				
					Axiom 1
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				Prove that the two triangles in the figure are congruent, if AB = CD and AC = BD.

			

		

		
			
				Practice 3

			

		

		
			
				For example,

				In the figure given that ,  and . So by the axiom SAS Congruence .
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				The Side-Angle-Side (SAS) Congruence

			

		

		
			
				In a triangle, the angle formed by two given sides is called the included angle of the sides. 

				Using the SSS Postulate, we can show that two triangles are congruent if their corresponding sides are congruent. We can show their congruence by using two sides and the included angle. 

			

		

		
			
				Given AB = AD and BC = DC. Prove that .
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				Solution:

				Look at the four steps of the proof.

				
					Statements

				

				
					Reasons

				

				
					AB = AD

					BC = DC

					AC = AC
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					Given

					Given

					Common Side

					By SSS congruence

				

			

		

		
			
				If two sides and the included angle of one triangle are congruent to the corresponding sides and the included angle of another triangle, then the triangles are congruent.

			

		

		
			
				Chapter 2
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					Example 3

				

			

		

		
			
				
					Axiom 2
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					Activity

				

			

		

		
			
				You can check SAS congruency using any graphic editor (such as paint and etc). To do so, draw two points of congruent line segments. 
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				Make congruent angles by joining endpoints of shorter and longer segments like shown below
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				Join the rest endpoints to form triangles
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				Now, if you place one triangle to other, you will see that the triangles coincide.
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				In the figure, . Use SAS to find the value of y.
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				Solution:

				Since  we have ,  and .
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				 means 19 = 3y + 1. So y = 6 cm.
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				Given AB = BD and . Prove . 
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				Solution:

				Look at the four steps of the proof.

				
					Statements

				

				
					Reasons

				

				
					AB = BD

					 

					BC = BC
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					Given

					Given

					Common Side

					By SAS congruence

				

			

		

		
			
				Given  and XT = TY. Prove .
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				Practice 4

			

		

		
			
				Chapter 2
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					Example 4
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					Example 5
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					Facts
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				Fun Facts about Triangles

				• Triangles are becoming used more in construction. They are harder to use than rectangles, but can be stronger and may be more resistant to earthquakes.

				• If you draw a line in a rectangle from far corner to corner you cut the rectangle into two right triangles.

				• If you know two of the angles in a triangle, you can always figure out the third because they must add up to 180 degrees.

				• The sum of the lengths of any two sides of a triangle is always longer than the third side.
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					Terminology

				

			

		

		
			
				Explain - түсіндіру/ объяснять

				Included - қамтылған/включены

				Proof - дәлел/доказательство
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				Look at the figure. Show that .
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				Solution:

				It is given that ,  and by the "Definition of Vertical Angles" . So by the ASA Congruence .
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				In the figure, . Use SAS to find the value of t.
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				Practice 5

			

		

		
			
				The side of a triangle that falls between two given angles is called the included side of the angles. It is the one side common to the both angles. 

				We can show that two triangles are congruent by using two angles and the included side of the triangles. 

			

		

		
			
				For example,

				In the figure given that ,  and . So by the ASA Congruence .
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				The Angle-Side-Angle (ASA) Congruence

			

		

		
			
				If two angles and the included side of one triangle are congruent to the corresponding angles and the included side of another triangle, then the triangles are congruent.

			

		

		
			
				Chapter 2

			

		

		
			
				
					Axiom 3
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					Example 6
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					Research time

				

			

		

		
			
				Find in browser “Constructing Triangles: Types of Geometric Construction” video. Watch the video and answer the questions:

				a. How are triangles constructed?

				b. How do you construct a triangle given 3 sides?

				c. How do you construct similar triangles?
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				Look at the figures. Explain the congruence of each pair of triangles.

			

		

		
			
				Practice 6

			

		

		
			
				Given PQS  SQR and 
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				PSQ  RSQ. Prove that . 
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				Solution:

				Look at the following steps of the proof.

				
					Statements

				

				
					Reasons

				

				
					PQS  SQR
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					PSQ  RSQ
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					 QS = QS
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					Given

					Given

					Common Side

					By ASA congruence

				

			

		

		
			
				1. In the figure, KSTZ and KS is the angle bisector of K. Prove that .
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				Practice 7

			

		

		
			
				2. In DEF and LMN, , , and . Write a congruence statement for the two triangles. 
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				Chapter 2
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					Example 7
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				For example, 

				In the figure given that and . So by the AAS Congruence Theorem .
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				The Angle-Angle-Side Theorem is called a theorem because it can be derived from the ASA Axiom. In AAS, the side is not between the two angles. Therefore, the side indicates a side that is not included between the two angles.

			

		

		
			
				The Angle-Angle-Side (AAS) Congruence 

			

		

		
			
				If two angles and a nonincluded side of one triangle are congruent to the corresponding two angles and a nonincluded side of another triangle, then the triangles are congruent.

			

		

		
			
				Look at the figure. And use AAS Congruence Theorem to explain why .
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				ABC and EDF each have one pair of sides and one pair of angles marked to show congruence. What other pair of angles must be marked so that the two triangles are congruent by AAS Congruence Theorem?
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				Solution:

				It is given that   and . So AAS Congruence Theorem .
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				Look at the figures. Explain the congruence of each pair of triangles.

			

		

		
			
				Practice 8

			

		

		
			
				Chapter 2

			

		

		
			
				
					Theorem 1
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					Example 8
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					Example 9

				

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				1. DEF and LMN each have one pair of sides and one pair of angles marked to show congruence. What other pair of angles must be marked so that the two triangles are congruent by AAS Congruence Theorem?
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				2. Determine whether each pair of triangles is congruent by SSS, SAS, ASA and AAS. If it is not possible to prove that they are congruent, write not possible. 
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				Practice 9

			

		

		
			
				Solution:

				If A and E are marked congruent, then AB and EF would be included sides. However, AAS Congruence Theorem requires the nonincluded sides. Therefore, C and D must be marked congruent.
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					Terminology

				

			

		

		
			
				Indicate - көрсету/ указывать

				Marked - белгіленген/ отмеченный

				Require - талап ету/ требовать
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				problems
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				A

				1. Given that , copy and complete each of the following.

				a. ____.

				b. ____.

				c. ____.

				d. ____. 

				e.  ____.

				f.  ____.

				2.  is given. List the congruent corresponding segments and angles of these triangles.

				3. Given that : 
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				a. If you have to use SSS axiom, then you need to show:

				____. 

				____. 

				____. 

				b. If it is given that  and you are to use SAS axiom, you need to have:

				____.

				____. 

				c. If it is given that  and you are to use ASA axiom, you need to have:

				____?

				____?

				4. In the figure, the two triangles are congruent. The corresponding parts are marked. We can write 
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				5. Sketch and label triangle XYZ in which XZ is an included side. Then name the two angles XZ is between.

				6. Explain how we could construct a triangle congruent to a given triangle using ASA Congruence Axiom.

				B 

				7. Write a congruence statement for each pair of triangles represented.

				a. In  and , ,, and .
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				8. . Find the unknown value in each statement, using the properties of congruence.
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				9. Given that  is congruent to, find the value(s) of the unknown(s) in each of the following pairs of triangles.
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				c. 

				  

				10. In the figure,  and ,  and  are given. Find the value of x. 
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				11. Are the following pairs of triangles congruent? If so, explain your answer and write down the statement of congruence. If not, explain your answer.

				a. 
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				12. In the figure,  Given that , cm and  cm, find .
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				13. Complete the congruence statement:

				a. 	b.   
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				14. In , , and cm. Find the length of . 
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				Isosceles and equilateral are useful triangles because they have many special properties. If we can identify one or more of these triangles in a figure then we can often use their properties to solve geometric problems.

			

		

		
			
				Proof: 

				Let us draw an appropriate figure.

				Given:  

				Prove:  

				Let AN be the bisector of .
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							4. SAS Congruence Postulate
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							5. CPCTC (Corresponding Parts of Congruent Triangles are Congruent)
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				Properties of isosceles triangle

			

		

		
			
				If two sides of a triangle are congruent then the angles opposite these sides are also congruent. 

			

		

		
			
				Find the angle measure of  and .
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				Solution:

				a. 

			

		

		
			
				Isosceles triangle and its properties

			

		

		
			
				2.4

			

		

		
			
				
					Theorem 2

				

			

			
				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				
					Example 1
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				- apply the properties and conditions of an isosceles triangle;

				- apply the properties of an equilateral triangle to solve problems.
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					You will:
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				An isosceles triangle therefore has both two equal sides and two equal angles. The name derives from the Greek iso (same) and skelos (leg).
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				Proof: 

				Let us draw an appropriate figure. 

				Given: 

				Prove: 

				We begin by drawing the bisector AN, and continue with a paragraph proof.

				1. Since AN is the angle bisector, It is given that 

				2. It is given that  

				3. By the reflexive property of congruence, 

				4. So  by the AAS Congruence Theorem

				5. Since CPTTC (Corresponding Parts of Congruent Triangles are Congruent), we have .
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				If two angles in a triangle are congruent then the sides opposite these sides are also congruent. 

			

		

		
			
				Find the angle measure of  and .
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				Practice 1

			

		

		
			
				So, .
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				Chapter 2

			

		

		
			
				
					Theorem 3
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					Terminology

				

			

		

		
			
				Opposite - қарама-қарсы/ противоположная
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					Research time

				

			

		

		
			
				Find in browser “ISOSCELES TRIANGLE AND ITS PROPERTIES” video. Watch the video and answer the questions:

				a. What are the property of isosceles triangle?

				b. What are the angles in an isosceles triangle?

				c. What is special about an isosceles triangle?
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				Prove: AT bisects  and is an altitude of .
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				Given triangle ABC with . AC and BC as indicated. Find the length of AC and BC. 
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				Solution:

				If two angles of a triangle are congruent the sides opposite them are congruent. Then, 

				Therefore, the length of the sides AC and BC is 27 units.
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				Given triangle DEF with . DF and EF as indicated. Find the length of DF and EF. 
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				In isosceles triangle, median to the base is also angle bisector of the vertex and altitude to the base. In other words, if  in any triangle ABC then .
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				Prove that in the given isosceles triangle, median to the base is also altitude to the base and fill in the blanks.

				Given: AT is a median and AB=____.

				Prove: AT is an altitude of .

				1. It is given that AB=____.

				2. By the Isosceles Triangle Theorem, 
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				3. Since AT is the median, ____.

				4. By the reflexive property of congruence, 

				5. ____. by the AAS Congruence

				6. So ____.
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				Look at the isosceles triangle. Fill in the blanks.

			

		

		
			
				1. KN is an altitude, ____, and ____ of ____.
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				6. By the reflexive property of congruence, ____.
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				If a triangle  is equilateral then it is also equiangular. In other words, if  then 
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				Look at the figure at the right, and find the value of x.
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				If a triangle  is equiangular then it is also equilateral. In other words, if  then .
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				Look at the figure at the right, and find the value of x.

			

		

		
			
				Solution:

				 is equiangular triangle then it is equilateral, therefore RT and ST are congruent.
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				Look at the figure at the right, and find the value of t.

			

		

		
			
				Practice 5

			

		

		
			
				The angle of a triangle measure 4a + 8. Find value of a, if triangle equilateral.
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				1. Each figure below is an isosceles or an equilateral triangle. Find the value of x in each figure, using given information.

				a. b. 
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				2. Draw all isosceles triangles whose vertices are nodes with the given base.

				3. Draw all isosceles triangles whose vertices are nodes with the given base.
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				4. Given .  and .
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				10. Draw an isosceles triangle whose vertices are three of the given points.

				11. Draw an isosceles triangle(s) whose vertices are three of the given points.

				12.  is an isosceles triangle. , prove that , if BM and CN are angle bisectors of triangle .
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				15. In the figure, , , 
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				Triangle

				Every triangle has three angles and three sides. 

				The points A, B and C are vertices of and the segments AB, BC, CA are sides of ∆ABC.

				Types of Triangle According to Sides

				Scalene triangle - all sides are different.

				Isosceles triangle - two sides are congruent. 

				Equilateral triangle - all sides are congruent. 

				Types Triangles According to Angles

				A triangle is called an acute triangle

				 if all its angles are acute.

				A triangle is called a right triangle if it has a right angle.
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				A triangle is called an obtuse

				 triangle if it has an obtuse 

				angle.

				auxiliary elements of a triangle

				Median: In a triangle, a line segment joining a vertex to the midpoint of the opposite side is called a median of the triangle. A median divides the opposite side into two equal line segments.

				Angle bisector of a triangle: In a triangle, a line segment that bisects an angle of the triangle and has an endpoint on the opposite side is called an angle bisector of the triangle. 

				Altitude: In a triangle, a perpendicular line segment from a vertex of the triangle to the line containing the opposite side of the triangle is called an altitude of the triangle.  

				Location of the altitudes: Every triangle has three 

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

		

		
			[image: ]
		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				S U M M A R Y

			

		

		
			[image: ]
		

		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				altitudes. An altitude can be inside, outside, or on the triangle.

				 In an acute-angled triangle, altitude lies inside the triangle.

				 In a right-angled triangle, two altitudes lie on the legs of the triangle and one altitude lies from the vertex to the hypotenuse of the triangle.

				 In an obtuse-angled triangle, altitude lies outside the triangle.

				Perpenducular bisector: In a triangle, a line that is perpendicular to a side at its midpoint is called a perpendicular bisector of the triangle.

				Midline: A line segment which joins midpoints of two sides of a triangle is called a midline of the triangle. Midline is parallel to the third side and its length equals half the length of the third side.

				 

				The Side-Side-Side (SSS) Congruence: 

				If three sides of one triangle are congruent to three sides of another, then the triangles are congruent. 

				The Side-Angle-Side (SAS) Congruence:

				If two sides and their included angle one triangle are congruent to two sides and their included angle in another triangle, then the triangles are congruent.
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				The Angle-Side-Angle (ASA) Congruence:

				If two angles and their included side in a triangle are congruent to two angles and their included side in another triangle, then the triangles are congruent. 

				The Angle-Angle-Side (AAS) Congruence:

				If two angles and side not shared by these angles in a triangle are congruent to two angles and a corresponding side in another triangle, then the triangles are congruent. 

				 

				Isosceles triangle and its properties

				If two sides of a triangle are congruent then the angles opposite these sides are also congruent. 

				 

				If two angles in a triangle are congruent then the sides opposite these sides are also congruent. 

				 

				In isosceles triangle, median to the base is also angle bisector of the vertex and altitude to the base.

				 

				If a triangle  is equilateral then it is also equiangular. In other words, if  then 
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				Mutual positions of lines
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				3.1 defining Parallel lines and using it's properties

				3.2 Sum of angles of triangle. Exterior angle of triangle 

				3.3 Triangle inequality

				3.4 properties of a right triangle

				3.5 Perpendicular lines. Perpendicular line, oblique line, and its projection

			

		

		
			
				Why study Mutual positions of lines

			

		

		
			
				You already know

			

		

		
			
				 Architects, carpenters, and engineers use parallel and perpendicular lines to design buildings, furniture, and machines. 

				 Interior designers use the relationships in triangles to maximize efficiency and create balance in their designs.

			

		

		
			
				- about lines and angles and writing geometric proofs;

				- how to classify triangles;

				- parallel lines.
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				Defining Parallel lines and using it's properties

			

		

		
			
				3.1

			

		

		
			
				In the figure, line c is a transversal of line a and line b. A transversal which intersects two lines forms eight different angles. Some of these angles are given special names according to their location relative to the transversal. Therefore,

				• Corresponding angles lie on the same side of the transversal and on the same sides of the intersecting lines. 

				For example, pair of corresponding angles: (∠2 and ∠6); (∠3 and ∠7); (∠1 and ∠5); (∠4 and ∠8). 

				• Alternate interior angles are nonadjacent angles that lie opposite sides of the transversal between the intersected lines. 

				For example, pair of alternate interior angles: (∠2 and ∠8); (∠3 and ∠5). 

				• Alternate exterior angles lie on opposite sides of the transversal and outside the intersected lines. 

				For example, pair of alternate exterior angles: (∠1 and ∠7); (∠4 and ∠6). 

				• Consecutive interior angles (co-interior angles) lie on the same side of the transversal and between the intersected lines. 

				For example, pairs of consecutive interior angles: (∠2 and ∠5); (∠3 and ∠8).

			

		

		
			
				angles formed by a Transversal

			

		

		
			
				A line which intersects two or more lines at distinct points is called a transversal. 

			

		

		
			
				If you look around, you will see that your environment is filled with lines and planes. Some of the lines intersect, and some do not. 
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				Geometers give a special name to a line that intersect two or more other lines. 
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						Definition
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				- recognize angles at the intersection of two lines and a secant;

				- prove the conditions of parallel lines;

				- apply the conditions of parallel lines to solve problems;

				- prove the properties of parallel lines;

				- apply the properties of parallel lines to solve problems.
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					You will:
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				Look at the figure and find

				a. two pairs of corresponding angles along transversal n.

				b. two pairs of alternate exterior angles along transversal k.

				c. two alternate interior angles along transversal m.

				d. two pairs of consecutive interior angles along t.

				e. four pairs of vertical angles.

			

		

		
			
				Look at the figure and find

				a. two pairs of corresponding angles along transversal m.

				b. two pairs of alternate exterior angles along transversal k.

				c. two alternate interior angles along transversal n.

				d. two pairs of consecutive interior angles along m.

				e. four pairs of vertical angles.

				Solution:

				a. 1 and 5; 3 and 7;
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				b. 15 and 1; 16 and 4;
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				c. 15 and 9; 14 and 12;	 
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				d. 4 and 5; 3 and 8;
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				e. 11 and 9; 1 and 3; 8 and 6; 16 and 14.
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				Practice 1

			

		

		
			
				Recall that parallel lines lie in the same plane and never intersect. 

				In the figure, line m parallel to line n, written mn. The arrows on the line also indicate that they are parallel.
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				Angles formed by parallel lines and transversals
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				Chapter 3
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					Example 1
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					Research time

				

			

		

		
			
				Parallel and Intersecting Lines Around Us.

				Take a picture of parallel and intersecting lines in your city (buildings, road, etc), make a collage and post it in social networks (instagram or twitter, etc) by #LinesAroundUs.
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					Terminology

				

			

		

		
			
				Alternate Exterior Angles - сыртқы айқыш бұрыш/ внешний накрест лежащий угол

				Alternate interior angles - ішкі айқыш бұрыш/ внутренний накрест лежащий угол

				Consecutive Interior Angles (co-interior angles)- ішкі тұстас/ внутренний односторонний 

				Corresponding angles– сәйкес бұрыш/соответственный угол

				Transversal – қиюшы/секущая
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				If line d intersects parallel lines e and f as shown in the right and one of the angles is , then find all others.

				Solution: 

				By the Corresponding Angle Postulate, .

				Using the Vertical Angles Congruence Theorem, . 

				 and  are corresponding angles, by the Corresponding Angle Postulate, .
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				If a transversal cuts two parallel lines, then the pairs of corresponding angles are congruent.

			

		

		
			
				Tracing Paper

				Tracing Paper
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				Let's use lined paper, tracing paper and ruler to explore parallel lines.

				Step 1:

				Draw two pairs of parallel lines cut by a nonperpendicular transversal on lined paper. Label the angles as shown.

				Step 2:

				Trace your drawing figure onto tracing paper.

				Step 3:

				Move the tracing paper to position  of the traced figure over  of the original figure. Compare the angles. Are they congruent?
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				Step 4:

				Compare the eight angles and list all the congruent pairs. What do we notice about the special angle pairs formed by the transversal?

				Therefore, this activity suggests the following properties of angles formed by parallel lines and transversals.

				Two parallel lines cut by a transversal also form angles pairs called corresponding angles.
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				Chapter 3

			

		

		
			
				
					Postulate 1
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					Example 2
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				Find the value of x, that makes de.

				a. 	b. 
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				Practice 2

			

		

		
			
				If line m intersects parallel lines l and n as shown in the right and one of the angles is , then find all others. Explain your reasons.
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				Find the value of x, that makes de. 

				Solution:

				By Corresponding Angle Postulate the given angles are congruent. Then, 
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				Practice 3

			

		

		
			
				Chapter 3
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					Example 3
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					Facts
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				Parallels on maps are the lines you see that are from left to right. The lines that run from top to bottom are meridians. Parallels represent latitude and meridians represent longitude. The two sets form a grid that sections off maps into the four directions: north, south, east and west.

				The grid is a long established system for setting coordinates that determine where any one place is located on the planet earth.
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					Terminology

				

			

		

		
			
				Postulate (Axioma) - Постулат
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				Proof:

				Draw a diagram. Label a pair of alternate interior angles as  and . We are looking for an angle that is related to both  and . Notice that one angle is a vertical angle with  and a corresponding angle with . Label it .
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					Statement

				

				
					Reasons
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				Find the value of x, that makes mn. 

				a. 	b. 
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				Solution:

				a. By Alternate Interior Angle Theorem the given angles are congruent. Then, 
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				If two parallel lines are cut by a transversal, then the pairs of alternate interior angles are congruent.

			

		

		
			
				Other pairs of angles formed by parallel lines cut by a transversal are alternate interior angles.

			

		

		
			
				Chapter 3

			

		

		
			
				
					Theorem 1
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					Example 4
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				Verticle angles are angles opposite each other.

				Transitive Property: If angles are congruent to the same angles, they are congruent to each other. For example, 

				If  and ,
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				Another pairs of angles formed by parallel lines cut by a transversal are alternate exterior angles.

			

		

		
			
				b. By Alternate Interior Angle Theorem the given angles are congruent. Then, 
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				Practice 4

			

		

		
			
				Find the value of x, that makes pq. 

				a. 	b. 
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				If two parallel lines are cut by a transversal, then the pairs of alternate exterior angles are congruent.

			

		

		
			
				Proof: 

				Let's draw a diagram. Mark a pair of alternative exterior angles as  and . We are looking for an angle that is related to both  and . Notice that one angle is a suplement to  and a corresponding angle with . Mark it .
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				Chapter 3

			

		

		
			
				
					Theorem 2
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				Practice 5

			

		

		
			
				Find the value of x, that makes de.

				a. 	b. 
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				Find the value of x and y, that makes mn. 

				a. 	b. 
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				Solution:

				a. By Alternate Exterior Angle Theorem the given angles are congruent. Then, 

				b. At first, let's find the measure of x by the Definition of Supplementary Angles. Then,

				 

				After then, we can find the values of y by alternate exterior angles theorem. Therefore, 
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				Chapter 3
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					Example 5

				

			

		

	
		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				If two parallel lines are cut by a transversal, then the pairs of consecutive interior angles are supplementary.

			

		

		
			
				Proof: 

				Draw a diagram. Label a pair of consecutive interior angles as  and . We are looking for an angle that is related to both  and . Notice that one angle is a supplement to  and a corresponding angle with . Label it .
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				When parallel lines are cut by a transversal, the angle pairs formed are supplementary. The following theorem about pairs of consecutive interior angles.

			

		

		
			
				Find the value of x.

				Solution:

				By Consecutive Interior Angle Theorem the given angles are supplementary. Then, 
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				Chapter 3
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					Example 6

				

			

		

		
			
				
					Theorem 3
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					Activity

				

			

		

		
			
				Work in pairs!

				Write the definition of the following pairs of angles formed by parallel lines and transversal:

				Alternate interior angles

				Corresponding angles

				Consecutive interior angles

				After that, find at least one picture where the use of these pairs of angles in everyday life. 
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				Find the value of x and the value of indicated angles.

				Solution:

				a. By the Definition of Supplementary Angles the  is

				 

				By the Corresponding Angles Postulate the  is 
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				By the Consecutive Interior Angles Theorem the  is

				 

				b. By the Corresponding Angles Postulate . 

				So, .
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				Practice 6

			

		

		
			
				Find the value of x. 

			

		

		
			
				Mixed Problems

			

		

		
			
				To solve the following problems, we will use several properties of angles formed by parallel lines and transversals.

			

		

		
			
				Chapter 3
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					Example 7
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				Some angle types make letter shapes. Alternate interior angles can be called Z angles (Alternate Angles),

				corresponding angles are

				F angles (Corresponding Angles), and same-side

				interior angles are C

				angles (Supplementary Angles).

				 

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				Note
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				Practice 7

			

		

		
			
				Find the missing value of x and y.  

			

		

		
			
				Find the values of x and y in each figure, indicating any theorems or postulates that you can use.

			

		

		
			
				Solution:

				a. At first, we draw the extra line through the intersection point of two transversals which are parallel to both lines. 

				By Alternate Interior Angles Theorem: 

				 

				By Consecutive Interior Angles Theorem:

				By Angle Addition Postulate:
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				Chapter 3
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					Example 8

				

			

		

		
			
				Analysis

				a) Copy this diagram.

				b) Mark all the angles that are equal to a.

				c) Mark all the angles that are equal to b.

				d) What do you notice?

				e) What do you notice about the pattern

				of angles in a parallelogram?
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				Note
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					Activity

				

			

		

		
			
				We can also identify special an-gles by drawing one or more ex-tra parallel lines in a figure. Gen-erally we draw the extra lines through the intersection point of two transversals.
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					Terminology

				

			

		

		
			
				Several - бірнеше/ несколько

			

		

		
			
				And then by the Alternate Interior Angles Theorem we find the value of x. Therefore, 
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				Practice 8

			

		

		
			
				Find the values of the variables in each figure.

			

		

		
			
				There four ways of showing that any given lines are parallel. 

			

		

		
			
				PROVE lines ARE PARALLEL

			

		

		
			
				If corresponding angles are congruent then the two lines are parallel. This property is also called the Converse of Corresponding Angles Postulate.

			

		

		
			
				b. We draw the extra line through the intersection point of two transversals which are parallel to both lines. Then, 

				 

				c. By Corresponding Angles Postulate:

				 

				By substitution:

				 

				 2x + 40° = 6x - 20°

				 60° = 4x

				 x = 15°.
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				If two lines are perpendicular to the same line, they are parallel to each other.

			

		

		
			
				Proof:

				Given:  and 
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				Prove: 

				We will give the proof in two - column form.

				
					Statement

				

				
					Reasons
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				As given in the figure at the right, when two parallel lines m and n are cut by a perpendicular transversal d, eight right angles are formed.

			

		

		
			
				Use the Converse of the Corresponding Angles Postulate and prove that , if  and .
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				Solution:

				We will give the proof in two-column form.

				
					Statement

				

				
					Reasons

				

				
					1.  and 
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				Chapter 3
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					Example 9
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				Two angles are a linear pair if the angles are adjacent and the two unshared rays form a line. Below is an example of a linear pair:
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					Terminology

				

			

		

		
			
				Converse - кері/ обратный

				Prove - дәлелдеу/ доказать
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				Let m and n be two lines cut by a transversal. If alternate interior angles are congruent then the two lines are parallel. This property is also called the Converse of Alternate Interior Angles Theorem.

			

		

		
			
				Practice 9

			

		

		
			
				Use the Converse of the Corresponding Angles Postulate and prove that , if  and .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Proof:

				Given: 

				Prove: 

				We will give the proof in two - column form.

				
					Statement

				

				
					Reasons
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					1. Given
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				Chapter 3

			

		

		
			
				
					Theorem 5
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					Research time

				

			

		

		
			
				The railways consist of two parallel steel rails set a fixed distance. So, everyone looking at the railways thinks they always are parallel. But in fact, they are not always parallel. Search more information about this on websites and make a poster where you will show interesting facts about constructions of railways.
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				Use the Converse of Alternate Interior Angles Theorem and prove that , if  and .
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				Solution: 

				We will give the proof in two-column form.

				
					Statement

				

				
					Reasons

				

				
					1. and 
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				Practice 10

			

		

		
			
				Use the Alternate Interior Angles Theorem and prove that , if  and .
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				Let m and n be two lines cut by a transversal. 

				If same - side interior angles are supplementary then the two lines are parallel. This property is also called the Converse of Consecutive Interior Angles Theorem.

			

		

		
			
				Chapter 3

			

		

		
			
				
					Theorem 6
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					Example 10
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					Terminology

				

			

		

		
			
				Construct - салу/ строить

				Railways - темір жолдар/ железнодорожные пути
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				Use the Consecutive Interior Angles Theorem and prove that , if  and .
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				Solution: 

				We will give the proof in two - column form.

				
					Statement

				

				
					Reasons

				

				
					1. and 
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					 Theorem
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					3. Converse of Consecutive Interior 

					 Angles Theorem
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				Proof:

				Given:  supplement to 
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				Prove: 

				We will give the proof in two-column form.

				
					Statement

				

				
					Reasons
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				Chapter 3
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					Example 11
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					Research time

				

			

		

		
			
				As you can see at the right, we learned the construction of parallel lines. Search in browser "Construct of Parallel lines" and watch the videos. Then construct three different parallel lines. After that answer each question:

				- Why do we need to learn to construct parallel lines and where can we use it?
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				Practice 11

			

		

		
			
				Use the Consecutive Interior Angles Theorem and prove that , if  and .
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				During the race, all members of a rowing team should keep the oars parallel on each side. if , , and , show that the oars are parallel. 

				
					[image: ]
				

				Solution: 

				A line through the center of the boat forms a transversal to the two oars on each side of the boat. 

				 and  are corresponding angles. if , then the oars are parallel. Substitute 11 for x in each expression:
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				Therefore, the corresponding angles are congruent, so the oars are parallel.
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				Practice 12

			

		

		
			
				One way to build stairs is to attach triangular blocks to an angled support, as shown at the right. The sides of the angled support are parallel. If the support makes a 32° angle with the floor, what must  be so the top of the step will be parallel to the floor? 
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				19. Use the Alternate Interior Angles Theorem and prove that , if  and .
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				20. In the given figure ACDF, then find .
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				21. In the given figure DEAB  and . Find .
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				22. Use the Consecutive Interior Angles Theorem and prove that , if  and .

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

			

		

		
			[image: ]
		

	
		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				problems
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				23. Answer according to the figure opposite.

				a. Find the measure of each numbered angle.

				b. Name two congruent acute angles.

				c. Name two non-adjacent supplementary angles.

				d. Name all angles which are supplementary to 3.

				e. Name three pairs of corresponding angles.

				f. Name two pairs of same-side interior angles.

				 

				24. In the given figure DEAB,  and . Find .
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				25. In the given figure d1d2, , , then find .

				
					[image: ]
				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				26. In the given figure, d1d2 and ,  then  then find .
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				27. In the given figure find the relationship among a, b and c, if d1d2.
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				28. In the given figure, ABCD, . 

				
					[image: ]
				

				What is the measure of the angle BAE?

				29. In the given figure if d1d2. Find x. 
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				30. In the given figure, d1d2 and ABCD. , ,  then find .
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				31. In the figure, EDST,  and . Find x.
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				32. In the figure DEFG. Find .
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				33. In the figure, ABDF and . Find the values of u and v.
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				In this section we will look at some basic rules related to the angles of a triangle. 

			

		

		
			
				The sum of the measures of the interior angles of a triangle is equal to 180°.

			

		

		
			
				In the triangle, given that  is right angle and , find the value of x.
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				Proof:

				Given: 

				Prove: 

				We begin by drawing an auxillary line DE through A, parallel to BC. Then we continue with a two-column proof.
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					Statement

				

				
					Reasons
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					1. Alternate Interior Angles Theorem
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					2. Angle Addition Postulate, by the definition of straight angle

				

				
					3. 
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					3. Substitude (1) to (2)

				

			

		

		
			
				Solution:

				In  by the Triangle Angle-Sum 

				Theorem,

				So, the value of x is .
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				Triangle Angle-Sum Theorem

			

		

		
			
				Sum of angles of triangle. Exterior angle of triangle

			

		

		
			
				3.2

			

		

		
			
				
					Theorem 7
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					Example 1
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				- prove the triangle angle sum theorem and its conclusions;

				- apply the triangle angle sum theorem and its conclusions to solve problems;

				- know the definition of the exterior angle of a triangle and prove the exterior angle theorem;

				- apply the exterior angle.
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					You will:
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				Work in pairs. 

				Draw a triangle on a paper and cut it off. Tear the angles of the triangle and put together their vertices. Answer the question: “What did you get as a result?”
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					Discussion
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				Find the value of x in each figure.

			

		

		
			
				In the figure at the right, points A, B, F and E, B, C are respectively collinear. Given that  and  are right angles,  and , find the value of .
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				Solution:

				In  by the Triangle Angle-Sum Theorem,
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				By the Vertical Angles Theorem,

				 

				In  by the Triangle Angle-Sum Theorem,
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				Find the value of x in each figure.

			

		

		
			
				Practice 1

			

		

		
			
				Practice 2

			

		

		
			
				Chapter 3
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					Example 2
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					Activity

				

			

		

		
			
				Cut any triangle from piece of paper. Fold the triangle along one of its midsegments, so that the top vertex touches the opposite side and the fold is parallel to the base. Then fold the other two corners to meet the vertex, as shown below. 

				 

				What is the sum of the interior angles of the triangle?
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					Terminology

				

			

		

		
			
				Auxiliary - көмекші/ вспомогательный

				Collinear points - коллиниарлық нүктелер/ коллинеарные точки

				Interior angles - ішкі бұрыштар/ внутренние углы

				Respectively- сәйкесінше/соответственно

				Rule - ереже/правило

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				If ,  and  the interior angles of a . Find the value of x.
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				Solution:

				In  by the Triangle Angle-Sum Theorem,
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				The measure of an exterior angle in a triangle is equal to the sum of the measures of its two nonadjacent interior angles.
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				Look at the following figure and describe what represents the relation between these angles. 
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					Discussion

				

			

		

		
			
				The two interior angles which are not adjacent to an exterior angle in a triangle are sometimes called remote angles.
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				In a triangle , , . Find . 
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				Find the value of x in each figure.
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				Exterior angles - сыртқы бұрыштар/ внешние углы
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				Measure - өлшем/ измерение
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				Find the value of x in each figure.
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				The sum of the measures of the exterior angles of a triangle is equal to 360°.
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				Solution:

				By the Triangle Exterior Angle Theorem,
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				Group Work

				Construct three different triangles with exterior angles and use a protractor to measure the interior and exterior angles of each triangle. Then find and write the sum of the interior angle measures and the sum of the exterior angles of this triangles. And answer the questions:

				- Whether the measures of the interior and exterior angles of the triangles have been changed in three situations?

				 - What conclusion did you make?
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				Find the value of x in each figure.
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				Solution:

				By the Linear Pair Theorem,

				 

				By the Triangle Exterior Angle-Sum Theorem,

				 

				Substituting the last equality, we take 

				 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Find the value of x in each figure.
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				problems
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				1. Each figure below shows triangles. Find the value of x in each figure.
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				2. Sketch, in each case, a triangle ABC with the measure of  and  given below. In each case, find the measure .
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				3. The following are base angles of isosceles triangles. In each case, find the third angle of the isosceles triangle.

				a. 52°	b. 18°	c. 73°

				d. 65°	e. 86°	f. 45°
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				4. Calculate the values of the unknows in the following diagrams.
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				5. Each figure below shows triangles. Calculate the values of the unknowns.
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				23. In an isosceles , AC is a base of the triangle. AD is a bisector of angle  and . Find the .
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				26. In an isosceles , AC is a base of the triangle. AD is a bisector of angle  and . Prove that both  and  are isosceles triangles.

				
					[image: ]
				

				
					[image: ]
				

				27. In an isosceles  sides KL and LM are equal. MH altitude of side KL  and KS bisector of the  intersect, at point O. Find , if .

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				28. In the figure AC is an angle bisector of angle ,  and . Find x. 
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					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				30. In the given figure ,

				 and . Find x.

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				 

				
					[image: ]
				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

	
		
			[image: ]
		

		
			[image: ]
		

		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				If two sides of a triangle are not congruent, then the larger angle is opposite the longer side.

			

		

		
			
				

				
					Statement

				

				
					Reasons

				

				
					1. 

					
						[image: ]
					

				

				
					1. Given

				

				
					2.  is isosceles
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					2. Definition of isosceles triangle 

					AE = AC

				

				
					3. 
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					3. Base angles in an isosceles triangle are congruent

				

				
					4. 
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					4. Angle Addition Postulate

				

				
					5. 
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					5. Definition of inequality

				

				
					6. 
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					6. Substition property

				

				
					7. 
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					7. Triangle Exterior Angle Theorem

				

				
					8. 
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					8. Transitive property of inequality

				

			

		

		
			
				In the triangle,  then .
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				Proof 

				Given:  with 
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				Prove: 

				We begin by locating E on AB such that AE = AC. We then draw CE and continue with a two-column proof.
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				Longer side opposite larger angle and Larger angle opposite longer side

			

		

		
			
				From the previous section, we know that the sum of the angles in a triangle is 180°. Are there any relationships between the angles of a triangle and its sides?

				First of all, we have probably observed that the longest side in a triangle is always opposite the largest angle, and the shortest side is opposite the smallest angle. 

			

		

		
			
				Triangle Inequality

			

		

		
			
				3.3

			

		

		
			
				
					Theorem 10
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				- know the relation between sides and angles of triangle and apply it to solve problems;

				- know and apply triangle inequality.
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					You will:
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				In any triangle, the largest side and largest angle are opposite one another.

				In any triangle, the smallest side and smallest angle are opposite one another.
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				Note
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				Write the angles in each triangle in order of their measures.

			

		

		
			
				Solution:

				a. Since , .
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				b. Since , .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Write the angles in each triangle in order of their measures.

			

		

		
			
				Practice 1

			

		

		
			
				If two angles of a triangle are not congruent, then the longer side is opposite the larger angle.

			

		

		
			
				In the triangle ABC,  then .
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				Proof:

				Given:  with 
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				Prove: 

				We will give a proof by contradiction. Assume . This means that  or .
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				Case 1: If , then  because the larger angle is opposite the longer side. This contradicts the given information. So . 
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				Case 2: If , then  by the Isosceles Triangle Theorem. This also contradicts the given information, so .
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				The assumption  is false. Therefore .
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				Chapter 3

			

		

		
			
				
					Theorem 11
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					Example 1
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					Activity

				

			

		

		
			
				Start with 10 points. Roll three dice. If a triangle can be drawn, you gain a point, if it can't, you lose a point. If you reach 20 points you win the game, if you reach 0 you lose.

				Which is the more likely result?
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					Terminology

				

			

		

		
			
				Contradiction - кері жору/ доказательства от противного

				Inequality - теңсіздік/неравенство

				Larger - үлкенірек/больше

				Longer - ұзынырақ/длиннее

				Order - рет/порядок
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					Facts
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				Any side of a triangle must be shorter than the other two sides added together.

				 Why? Well imagine one side is not shorter:

				• If a side is longer, then the other two sides don't meet;

				• If a side is equal to the other two sides it is not a triangle (just a straight line back and forth).
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				Order the lengths of the sides in each triangle.

			

		

		
			
				Practice 2

			

		

		
			
				The sum of any two side lengths of a triangle is greater than the third side length.
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				Triangle Inequality Theorem

			

		

		
			
				A triangle is formed by three segments, but not every set of the segments can formed a triangle.

			

		

		
			
				A certain relationship must exist among the length of three segments in order for them to form a triangle.

			

		

		
			
				Segments with lengths of 8, 4 and 4 cannot form a triangle.

			

		

		
			
				Segments with lengths of 8, 5 and 5 can form a triangle.

			

		

		
			
				Chapter 3
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					Example 2

				

			

		

		
			
				Order the sides of triangle in the figure according to their length.

			

		

		
			
				Solution:

				So,

				 and 
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				Since,

				, by the last theorem we have 
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					Theorem 12
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					Activity

				

			

		

		
			
				For this activity you will need a piece of string and a ruler.

				1. Cut the string into eight pieces of different lengths. Measure the lengths and label or mark each piece with its length.

				2. Take any three pieces of string and try to form a triangle with them.

				3. Make a table to note the lengths of the pieces of string and whether or not they formed a triangle.

				4. Repeat the activity until you have two successes and two failures at making a triangle.

				5. Look at your table. Which lengths of string together made a triangle? Which lengths didn’t make a triangle? What conjecture can you make about the sides of a triangle?
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				Is it possible for a triangle to have sides with the lengths indicated?

				a. 7, 8, 9	b. 4, 6.5, 11

				Solution:

				We can check each case by using the Triangle Inequality Theorem.

				a. 7, 8, 9
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				Yes, the sum of each pair of lengths is greater than the third length.

				b. 4, 6.5, 11

				No, by the Triangle Inequality Theorem, a triangle cannot have these side lengths.
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				Is it possible for a triangle to have sides with the lengths indicated?

				a. 3, 4, 5 b. 4, 3, 1 c. 10, 11, 15 d. 0.2, 0.3, 0.6

			

		

		
			
				Practice 3

			

		

		
			
				The length of two sides of a triangle are 7 cm and 12 cm. Find the range of possible length for the third side. 

				Solution:

				Let a represent the length of the third side. Then apply the Triangle Inequality Theorem. 
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				Combine the inequalities. So . The length of the third side is greater than 5 cm and less than 19 cm.
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				The length of two sides of a triangle are 23 cm and 18 cm. Find the range of possible length for the third side. 

			

		

		
			
				Practice 4

			

		

		
			
				Chapter 3
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					Example 3
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					Example 4
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					Activity

				

			

		

		
			
				Pair Game

				First student chooses an integer length between 1 and 12cm. Second student randomly generates the lengths of the other two sides. If a triangle can be drawn, Second student wins; otherwise, they lose.

				Is there a "best" length that first student should choose?

				Is this a fair game? 
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					Terminology

				

			

		

		
			
				To combine - біріктіру/ объединить

				Indicate - көрсету/ указывать

				Integer - бүтін сан/ целое число

				Length - ұзындығы/длина

				Longest - ең ұзын/самый длинный

				Possible - мүмкін/ возможный
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				problems
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				A 

				1. The sum of the lengths of any two sides of a triangle is __________ than the length of the third side.

				2. What side in a right triangle is the longest?

				3. List the sides of each triangle in ascending order.

				a. , where , , and 
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				b.  c. 
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				4. List the angles of each triangle in ascending order.

				a. , where , , and 
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				c. 	

				d. 
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				5. Determine if the following line segments make a triangle and if yes, classify by sides. (Scalene, Isosceles, Equilateral)

				a. 8, 9, 10 b. 1, 1, 2

				c. 6, 6, 10	d. 3, 5, 7

				e. 4, 4, 4 

				B 

				6. Complete the table.

				
					Sides

				

				
					Form a triangle: Yes or No.

				

				
					Classify by Sides

					(Scalene, Isosceles, Equilateral)

				

				
					2

				

				
					2

				

				
					2

				

				
					2

				

				
					2

				

				
					3

				

				
					2

				

				
					3

				

				
					4

				

				
					2

				

				
					3

				

				
					5

				

				
					2

				

				
					3

				

				
					6

				

				
					3

				

				
					4

				

				
					5

				

				
					3

				

				
					3

				

				
					6

				

				
					3

				

				
					3
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					3

				

				
					4

				

				
					3

				

				
					5

				

				
					6

				

				7. Name the longest side in each of the following triangles.

				a.  b. 
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				c.   d. 
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				8. If the lengths of two sides of a triangle are 9 and 15, in which interval does the length of the third side lie?
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				problems
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				9. If the lengths of two sides of a triangle are 3 and 7, then the length of the third side must be less than _____.

				10. The lengths of two sides of a triangle are 7 and 10. In which interval does the length of the third side lie?

				11. The length of a leg of an isosceles triangle is 9. In which interval does the length of the third side lie?

				12. Each leg of an isosceles triangle has length 12. In which interval does the length of the base lie?

				C

				13. Determine if the angles are greater than , less than , or equal  to each other.
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				a. 

				b. __ 
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				c. ___ 
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				d. __ 
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				f. __ 
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				14. List the sides of  in descending order if the angles of  have the indicated measures:
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				a. , , ;
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				b. , , ;
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				c. , , .
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				15. Determine if the sides are greater than , less than , or equal  to each other.
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				d. ___ 
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				16. Find the value of n and list the sides of  in descending order. 

				a. , , 
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				1. If the legs of a right triangle are congruent to the corresponding legs of another right triangle, then the triangles are congruent. This theorem is known as Leg-Leg congruent theorem.

				2. If the hypotenuse and an acute angle of a right triangle are congruent to the hypotenuse and corresponding acute angle of another right triangle, then the triangles are congruent. This theorem is known as Hypotenuse-Angle congruent theorem.

				3. If one leg and an acute angle of a right triangle are congruent to one leg and the corresponding acute angle of another right triangle, then the triangles are congruent. This theorem is known as Leg-Angle congruent theorem.

			

		

		
			
				Right triangle congruence

			

		

		
			
				In a right triangle, the sides adjacent to the right angle are called the legs. The side opposite the right angle is called the hypotenuse of the right triangle.

				From the congruence triangles, we know that if the two right triangles have same size and shape whose length of the corresponding sides are equal and the measure of the corresponding angles are equal are called congruent right triangles.

				For example, 

				Let's write the corresponding parts of right triangles ABC and MNO.

				Corresponding Congruent Sides:

				AB corresponds to MN, therefore .

				BC corresponds to NO, therefore .

				CA corresponds to OM, therefore .

				Corresponding Congruent Angles:

				 corresponds to , so .
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				properties of a right triangle

			

		

		
			
				3.4

			

		

		
			
				
					Theorem 13
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				- apply the conditions of right triangle equality to solve problems;

				- apply the properties of a right triangle.
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					You will:
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						History

					

				

			

			
				
					The Egyptians used right triangle for land surveying. Some believe that they also used it to help design their pyramids. Whether they did or not, the 3-4-5 triangle is still used by surveyors. Carpenters and woodworkers also use it to make their corners square.
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				For what values of x and y are the triangles congruent by Hypotenuse-Leg congruent theorem?

				Solution: 

				By the Hypotenuse-Leg congruent theorem, we know that the hypotenuse and a leg of a right triangle are congruent to the hypotenuse and corresponding leg of another right triangle. Therefore we can make the system of equation to find the values of x and y.

				By the Substitution Method: 

				If , then .
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				For what values of x and y are the triangles congruent by Hypotenuse-Leg congruent theorem? 

			

		

		
			
				Practice 1

			

		

		
			
				For what value x are the triangles congruent by Hypotenuse-Angle congruent theorem?

			

		

		
			
				4. If the hypotenuse and a leg of a right triangle are congruent to the hypotenuse and corresponding leg of another right triangle, then the triangles are congruent. This theorem is known as Hypotenuse-Leg congruent theorem.

			

		

		
			
				Chapter 3
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					Example 1
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					Example 2

				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				[image: ]
			

			
				
					Terminology

				

			

		

		
			
				Hypotenuse - гипотенуза

				Leg - катет

				Right triangle - тікбұрышты үшбұрыш/ прямоугольный треугольник
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				Solution: 

				By the Hypotenuse-Angle congruent theorem, we know that the hypotenuse and an acute angle of a right triangle are congruent to the hypotenuse and corresponding acute angle of another right triangle.

				Then, we can find the value of x by the following equation:
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				For what value a are the triangles congruent by Hypotenuse-Angle congruent theorem?

			

		

		
			
				Practice 2

			

		

		
			
				Prove that two triangles ABC and EDC are congruent.

				Solution: 

				Triangle ABC and triangle EDC are right triangles. Because they both have a right angle. 

				Hence, the two triangles ABC and EDC are congruent by Leg-Leg congruent theorem.
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				Prove that two triangles MNO and FON are congruent, if .
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				Practice 3

			

		

		
			
				Chapter 3
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					Example 3
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				In the triangle ABC, , , and . Find the length of AC.
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				Solution:

				At first, we draw the appropriate figure and then find the length of AC by the 30° - 60° - 90° Triangle Theorem. 
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				1. In the triangle MNO, , , and . Find the length of MO.
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				2. In the triangle DEF, , , and . Find the length of EF.
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				Practice 4

			

		

		
			
				In any right triangle, the length of the hypotenuse is twice the length of the leg opposite the  angle. This property is also called the  Triangle Theorem.
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				PropertIES of A right triangle

			

		

		
			
				Proof:

				We draw equilateral triangle ABC. As we know, each of its equal angles is 60°. 

				Then we will draw the straight line AD bisecting the angle at A into two 30° angles. Then AD is the perpendicular bisector of BC by the Isosceles Triangle Theorem. Triangle ABD, therefore, is a 30° - 60° - 90° triangle. 

				Now, since BD is equal to DC, then BD is half of BC. This implies that
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				Chapter 3
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					Example 4

				

			

		

		
			
				
					Theorem 14
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					Terminology

				

			

		

		
			
				Twice - екі есе/ вдвое
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				Equilateral triangle - all sides are congruent. 
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				Note
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				problems
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				A

				1. Fill in the blanks to complete the statements.

				a. The longest side of the right triangle is called ___ .

				b. The length of the hypotenuse is twice the ____ the  angle.

				c. If one of the legs is half the length of the hypotenuse then angle opposite this leg is _____ .

				d. The sum of the _____ angles of right triangle is always . 

				2. State if the two triangles are congruent. If they are, state how you know.

				a. b. 
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				c. 

				 

				d. 

				 

				3. In the triangle DEF, , , and DE = 48 cm. Find the length of DF.
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				4. In the triangle PRQ, , , and . Find the length of QR.
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				5. In the triangle ABC, , , and . Find the length of AB.
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				6. In the triangle DEF, , , and . Find the length of EF.
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				B

				7. State what additional information is required in order to know that the triangles are congruent for the reason given.

				a. Hypotenuse - Leg

				 

				b. Leg - Leg

				 

				c. Leg - Leg

				 

				d. Hypotenuse - Angle

				 

				e. Leg - Angle

				 

				8. Given , find the values of x and y.
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				problems
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				9. For what values of x and y are the triangles congruent by the Hypotenuse-Leg Theorem ?

				a. 

				 

				b. 

				 

				C

				10. Write a proof.

				a. Given: 

				Prove: 

				b. Given: D is the midpoint of AC.

				Prove: 

				11. What additional information would prove each pair of triangles congruent by the Hypotenuse-Leg Theorem?

				a. 

				 

				b. 
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				12. Check whether two triangles PQR and RST are congruent.

				13. Check whether two triangles OPQ and IJK are congruent.
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				Perpendicular line

			

		

		
			
				Properties of Perpendicular Lines

			

		

		
			
				Perpendicular lines are lines that intersect at right angles (90). Perpendicular lines denoted by . 
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				If there is a line and a point not on the line, then there exists exactly one line through the point which is perpendicular to the given line.

			

		

		
			
				Folding a Perpendicular form a Point to a Line

				a. Fold a line in a sheet of paper and label it m. Choose a point which is not m and label it P.

				b. Fold the paper through P so that line m matches up with itself. Label the new fold n.

				c. Measure and check the angle between lines m and n. What can you say about them?

				Therefore, this activity suggests the following axiom.
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				For example, 

				Look at the diagram; line CDAB (line CD is perpendicular to line AB).

				
					[image: ]
				

			

		

		
			
				1. These lines always intersect at right angles.

				2. If two lines are perpendicular to the same line, they are parallel to each other and will never intersect.

				3. If the two lines are perpendicular, the angle between them will be 90°.

			

		

		
			
				Perpendicular lines. Perpendicular line. oblique line and its projection

			

		

		
			
				3.5
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						Definition
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					Axiom 1
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					Properties
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				- know the definitions of a perpendicular line, oblique line, and the projection of an oblique line;

				- prove and apply the unique perpendicular theorem;

				- know and apply properties of perpendicular lines.
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					You will:
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				The word ‘perpendicular’ has its origin from the late Middle English which exactly means “at right angles”, from Latin ‘perpendicularis’, ‘perpendiculum’ meaning “plumb line” and from ‘perpendere’ where ‘per’ means “through” and ‘pendere’ means “to hang”.

				The perpendicular lines are always intersecting lines but intersecting lines are not always perpendicular to each other.
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					Facts
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				Oblique line and Oblique projection

			

		

		
			
				Let a be a line and AB be oblique to the line a. If we drop a perpendicular from the point B to the line a, then AC will be a projection of AB on the line a.

			

		

		
			
				Given that n//m and , if a length of a line segment RF is 14 cm, find the distance between n and m.

				Solution:

				As we know, the distance is the shortest line between, and this line will be 90. In a diagram REm, that is 90. By using a special case of a right triangle, 30° - 60° - 90° we have 
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				Practice 2

			

		

		
			
				Find a length of the stairs if angle between is 60, and distance 3 m as shown on the picture.
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				Look at the figure, and find .
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				Solution:

				First, these two angles form a linear pair. Second, from the marking, we know that  is a right angle. Therefore, . So,  is also 90°.
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				Practice 1

			

		

		
			
				Look at the diagram, find the measurement of .

				
					[image: ]
				

			

		

		
			
				Chapter 3
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					Example 1
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					Example 2

				

			

		

		
			
				We can think of a projection as a perpendicular shadow of an oblique to a line.
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				Note
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					Activity

				

			

		

		
			
				Observe perpendicular lines in objects or places around us with your friends, such as a tall tree on the ground, an electric pole on the pavement, railway intersection, corner of two adjacent walls and high buildings. Then explain one by one to each other why perpendicular line is so important in our life.
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					Terminology

				

			

		

		
			
				Oblique line - көлбеу түзу/ наклонная прямая

				Oblique projection - көлбеу проекциясы/ проекция наклонной

				Perpendicular line - перпендикуляр түзу/ перпендикулярная прямая
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				problems
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				A

				1. Select a pair of perpendicular line(s) in a 1 cm square grid.

				2. Draw a perpendicular line from given point to a line segment in a 1 cm square grid.

				3. What is the projection of one side of an equilateral triangle with the length of the side is 2 cm on a straight line containing another side?

				4. In the figure ABC right triangle.   and . Find a shortest distance between point B and hypotenuse of the triangle.
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				5. In the figure ABC is right triangle. , D is midpoint of hypotenuse. , . Find the distance between point D and longest leg of the triangle.
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				B

				6. In the figure  and intersects at point B. Line b is intersects lines a and c at points C and A respectively. If  and cm, then
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				• find a length of projection of segment

				AC on the line a.

				• find a length of projection of segment

				BC on the line b.

				7. In the given figure .
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				Look at the figure and write all projections of the segments below to AC or BD.
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				problems
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				a) AB - ___ and ___

				b) BC - ___ and ___

				c) AD - ___ and ___

				d) DF - ___ and ___

				8. a, b and c are lines on same plane.  and , prove that  by direct and indirect method.
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				9. Isosceles triangle with sides 8, 10, 10. What is the projection of the legs on a straight line containing a base of a triangle?

				10. The sides of the right triangle are 5, 12 and 13. What is the projection of hypotenuse on a straight line containing the longest leg of a triangle?
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				angles formed by a Transversal

				Transversal - a line which intersects two or more lines at distinct points. 

				In the figure, line c is a transversal of line a and line b.

				• Pair of corresponding angles (∠2 and ∠6); (∠3 and ∠7); (∠1 and ∠5); (∠4 and ∠8). 

				• Pair of alternate interior angles (∠2 and ∠8);

				 (∠3 and ∠5). 

				• Pair of alternate exterior angles (∠1 and ∠7);

				 (∠4 and ∠6). 

				• Pairs of same - side interior angles(co-interior angles): (∠2 and ∠5); (∠3 and ∠8).

				PARALLEL LINES

				Two lines in the same plane that do not intersect are called parallel lines.

				A line in a plane which is parallel to one of two parallel lines in the same plane is also parallel to the other line. d || l || k

				If there is a line and a point not on the line, then there is exactly one line through the point parallel to the given line. There is exactly one line through A parallel to m.
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				Angles formed by parallel lines and transversals

				If two parallel lines are cut by a transversal, the angles formed have following properties:

				1. Corresponding angles are congruent.

				2. Alternate interior angles are congruent.

				3. Same - side interior angles are supplementary. 

				4. Alternate exterior angles are congruent.

				Prove Lines are parallel

				There four ways of showing that any given lines are parallel: 

				1. If corresponding angles are congruent then the two lines are parallel. 

				2. If two lines are perpendicular to the same line, they are parallel to each other.

				3. If two lines cut by a transversal and alternate interior angles are congruent then the two lines are parallel.

				4. If two lines cut by a transversal and same- side interior angles are supplementary then the two lines are parallel.

				Triangle Angle-Sum Theorem

				The sum of the measures of the interior angles of a triangle is equal to 180°.
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				S U M M A R Y

			

		

		
			[image: ]
		

		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Triangle Exterior Angle Theorem

				The measure of an exterior angle in a triangle is equal to the sum of the measures of its two nonadjacent interior angles. In the figure, 
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				Triangle Exterior Angle-Sum Theorem

				The sum of the measures of the exterior angles of a triangle is equal to 360°.

				Longer side opposite larger angle and Larger angle opposite longer side

				If two sides of a triangle are not congruent, then the larger angle is opposite the longer side.

				If two angles of a triangle are not congruent, then the longer side is opposite the larger angle.

				TRIANGLE INEQUALITY THEOREM

				The sum of any two side lengths of a triangle is greater than the third side length.

				Right triangle congruance
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				1. If the legs of a right triangle are congruent to the corresponding legs of another right triangle, then the triangles are congruent. 

				2. If the hypotenuse and an acute angle of a right triangle are congruent to the hypotenuse and corresponding acute angle of another right triangle, then the triangles are congruent. 

				3. If one leg and an acute angle of a right triangle are congruent to one leg and the corresponding acute angle of another right triangle, then the triangles are congruent. 

				4. If the hypotenuse and a leg of a right triangle are congruent to the hypotenuse and corresponding leg of another right triangle, then the triangles are congruent. 

				Property of right triangle

				In any right triangle, the length of the hypotenuse is twice the length of the leg opposite the  angle. 

				perpendicular lines

				Perpendicular lines are lines that intersect at right angles (90). Perpendicular lines denoted by . 
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				If there is a line and a point not on the line, then there exists exactly one line through the point which is perpendicular to the given line.

				1. These lines always intersect at right angles.

				2. If two lines are perpendicular to the same line, they are parallel to each other and will never intersect.

				3. If the two lines are perpendicular, the angle between them will be 90°.
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				chapter
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				Circle. Geometrical construction

			

		

		
			
				4
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				4.1 circle and its parts. Central angle

				4.2 Relative position of a line and a circle. Relative POSITION OF TWO CIRCLES

				4.3 Tangent to A circle. Properties of tangents to A Circle

				4.4 Inscribed circle of a triangle and circumscribed circle of a triangle

				4.5 Construction problems

			

		

		
			
				Why study circles and Geometrical construction

			

		

		
			
				You already know

			

		

		
			
				 Shanyrak is a main backbone part of the kiyz ui made in circular form. The image of shanyrak on the State Emblem of the republic is a symbol of common home and common homeland of all people living in Kazakhstan. The stable development of Kazakhstan depends on welfare of each citizen just like the strength and stability of shanyrak depends on reliability of all its uyks.

			

		

		
			
				- about a plane, a sphere and a ball;

				- elements of a circle and a circle;

				- parallel and perpendicular lines;

				- a median, bisector, altitude, perpendicular bisector, and triangle midline. 
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				Locus

			

		

		
			
				The set of all points that share a property is called a locus.

			

		

		
			
				To determine a locus, you will need to do the followings:

				1. Use the condition given to draw points of the locus until you see a pattern.

				2. Connect the points and describe the locus fully.

			

		

		
			
				Find the locus of all points equidistant from points A and B..

				Solution:

				The locus of all points equidistant from two given points A and B is the perpendicular bisector of the line segment joining A and B.

				We show the locus of all points equidistant to points A and B with the red dashed line.

			

		

		
			
				 Find the locus of all points equidistant from points C and D.

			

		

		
			
				Practice 1

			

		

		
			
				Find the locus of point C, such that C lies on line d and equidistant from points A and B.

			

		

		
			
				circle and its parts. Central angle

			

		

		
			
				4.1
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						Definition
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					Example 1
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					Example 2
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				- know the definitions of a circle and its elements (center, radius, diameter, chord);

				- know and apply definition and properties of central angle;

				- prove and apply the perpendicular diameter to a chord theorem; 

				- know the definition of a locus.
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					You will:
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					History

				

			

		

		
			
				The study of the circle goes back beyond recorded history. The invention of the wheel is a fundamental discovery of the properties of a circle. The Greeks considered the Egyptians as the inventors of geometry. Ahmed, who is a scribe and the author of the Rhind papyrus, gives a rule for determining the area of a circle that corresponds to 256/81 or approximately 3.16. Thales found the first theorems relating to circles around 650 BC. The Euclid's Book III, Euclid's Elements set to work properties of circles and problems of inscribed polygons. 
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				Chapter 4

			

		

		
			
				Find the locus of point F, such that F lies on the line d and equidistant from points D and E.

			

		

		
			
				Practice 2

			

		

		
			
				circlE

			

		

		
			
				The locus of points on the plane, equidistant from a fixed point, is a circle. The distance is called a radius of the circle (plural radii), and the fixed point is called a center of the circle.

			

		

		
			
				A circle is named by its center. For example, the circle on the right is named circle O. 

				We write a circle with center O and with radius r as O or C (O, r).
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				A great example of locus, and we are all very familiar with it, is the one resulting in a circle.

			

		

		
			
				Solution:

				The locus of all points equidistant from two given points A and B is the perpendicular of the line segment joining A and B.

				We show the locus of all points equidistant to points A and B with the red dashed line. We use two green segments to show where point C lies on the d, equidistant to point A and B.

			

		

		
			
				A circle divides a plane into three separate regions:

				1. The interior of a circle is the set of all points inside the circle.

				2. The circle itself is the set of all points that lie on the circle.

				3. The exterior of a circle is the set of all points outside the circle.
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						Definition
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					Activity

				

			

		

		
			
				Can you find in the following pictures a fixed point which is at a constant distance from all other points?
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					Terminology

				

			

		

		
			
				Arc - доға / дуга

				Circle - шеңбер (дөңгелек) / окружность (круг)

				Dashed line - үзік сызық /пунктир

				Equidistant - тең қашықтықта / равноудаленный

				Fixed - бекітілген / зафиксированный

				Locus - нүктелердің геометриялық орны/геомерическое место точек

				Set - жиын / множество 
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				Chapter 4

			

		

		
			
				Name the points in the figure which are

				a. In the interior of the circle.

				b. On the circle.

				c. In the exterior of the circle.

			

		

		
			
				Practice 3

			

		

		
			
				Parts of a circle

			

		

		
			
				The line segment connecting two different points on a circle is called a chord. When the chord passes through the center of a circle it is called a diameter. The diameter of a circle is the longest chord in the circle.

			

		

		
			
				In the figure, [AB] and [CD] are chords. Chord [CD] passes through the center of the circle, so [CD] is a diameter. 

				The length of the diameter of a circle is twice the radius. For example, in the figure at the right, r is the radius of a circle and d is the diameter, where d = 2r.

			

		

		
			
				a. Find the length of the diameter, if the radius is 7.5 cm.

				b. The length of the diameter of a circle is 16 cm and the radius is 3x + 2. Find x. 

				Solution:

				
					
						[image: ]
					

					
						[image: ]
					

				

			

		

		
			
				Name the points in the figure which are

				a. In the interior of the circle.

				b. On the circle.

				c. In the exterior of the circle.

				Solution:

				a. Points A, O and B are in the interior of the circle.

				b. Points C and D are on the circle.

				c. Points E, F and G are in the exterior of the circle.
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					Example 3
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						Definition
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					Example 4

				

			

		

		
			[image: ]
		

		
			
				[image: ]
			

			
				
					Research time

				

			

		

		
			
				As you know point may lie on the circle, interior or exterior regions of the circle. Can you find exact ways to finding the regions of points of the circle by using radius of the circle? Search in the browser more information about this and show it for your classmates.

			

		

		
			[image: ]
		

		
			
				 Remember 

				The length of the words may help you remember:

				Radius is the shortest word and shortest measure

				Diameter is longer

				Circumference is the longest
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				Note
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				Chapter 4

			

		

		
			
				a. Find the length of the diameter, if the radius of the circle is  cm.

				b. The length of the diameter of a circle is 26 cm and the radius is 2x + 5. Find x. 
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				Practice 4

			

		

		
			
				Chords of a Circle and their Properties

			

		

		
			
				Remember that a chord is a line segment which joins two different points on a circle. We will learn properties that involve the chords of a circle.

			

		

		
			
				A radius or diameter that is perpendicular to a chord divides the chord into two equal parts.

			

		

		
			
				For example, 

				In the figure if diameter AD is perpendicular to the chord BC then BH = HC.

				Proof: 

				Given: Circle with center O, diameter AD, chord BC and ADBC 

				Prove: AD bisects BC.

				

				
					Statement

				

				
					Reasons

				

				
					1. 
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					1. Given

				

				
					2. BHO and CHO are 
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					 right angles
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					2. Definition of perpendicular lines

				

				
					3.  and  
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					 are right triangles
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					3. Definition of right triangle

				

				
					4. AHBAHC
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					4. All right angles are congruent

				

				
					5. OC

				

				
					5. Сommon side

				

				
					6. BO = CO

				

				
					6. Radii of the same circle are equal in measure.

				

				
					7. 
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					7. SAS Equality

				

				
					8. BH = CH

				

				
					8. Corresponding sides of congruent triangles are equal in length

				

				
					9. AD bisects BC

				

				
					9. Definition of bisector
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					Property 1
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					Terminology

				

			

		

		
			
				Chord - хорда

				Diameter- диаметр

				Parts - бөліктер/части

				Perpendicular - перпендикуляр

				Radius - радиус

				Region - аймақ/область
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					Activity

				

			

		

		
			
				Pair work

				Use two pencils, a piece of string, and a piece of paper.

				a. Tie the two ends of the piece of string loosely around the two pencils.

				b. Fix one pencil on the paper at the center of the circle. Use the other pencil

				to draw a circle around the fixed point while using slight pressure to keep the

				string taut. Do not let the string wind around either pencil.

				c. Explain how the distance between the two pencil points as you draw the circle is related to two of the lines or line segments.
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				A chord AC of length 12 cm is perpendicular to line segment OB, where O is the center of a circle. Find the value of x, if .
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				Practice 5

			

		

		
			
				Given circle with a center O. AE is a diameter, 

				, . Find . 
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				Solution:

				AE – diameter

				AEBC

				AHC– right triangle
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				Given circle with a center O. AE is diameter, 

				, . Find . 
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				Practice 6

			

		

		
			
				A chord AC of length 8 cm is perpendicular to line segment OB, where O is the center of a circle. Find the value of x, if .

				Solution:

				By using previous property

				So 
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					Example 5

				

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				
					Example 6
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					Activity

				

			

		

		
			
				Building a musical instrument!

				You'll need a hula-hoop and several huge rubber bands big enough to stretch all the way across the hula-hoop. You'll have to stretch them across the circle at different places so that the rubber bands end up being stretched to different lengths. Like this,

				Pluck that rubber band, and you've got a note. Congratulations! You can now play any piece of music.
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				Chapter 4
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				Central angle

			

		

		
			
				A central angle is an angle formed by two radii with the vertex at the center of a circle.

			

		

		
			
				In the diagram, AOC is a central angle.
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				In the same circle or in congruent circles. If two central angles are congruent, then the intercepted chords and arc are congruent, the converse is also true.

			

		

		
			
				For example, 

				in the figure, if , then .
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				Circles B and O are congruent, and . Find the length of chord MN.

				
					[image: ]
				

			

		

		
			
				Solution:

				According to the last property: if , then . So,
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				 14a–26 = 5a + 1

				 9a = 27

				 a = 3

				Therefore, 
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				Practice 7

			

		

		
			
				Circles B and O are congruent, and . Find the length of chord [MN].
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					Example 7
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						Definition
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					Property 2
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					Research time

				

			

		

		
			
				 Why are the names of tools for constructing a circle and finding a location same?
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				Look at the property of the chord and try to prove it by using SSS congruence of a triangle theorem. And discuss it with your classmates.
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					Discussion

				

			

		

		
			[image: ]
		

		
			
				[image: ]
			

			
				
					Terminology

				

			

		

		
			
				Central angle - центрлік бұрыш / центральный угол

				Congruent - тең/ равный 

				Converse - кері/ обратный

				Vertex - төбе/вершина

			

		

		
			
				Chapter 4
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				problems
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				A

				1. Give 3 examples of a circle from daily life.

				2. Draw a circle and show its radius.

				3. Explain the relation between radius and diameter of a circle.

				4. Draw 3 different chords on one circle.

				5. Name all segments in the figure.

				a. OR- ____.

				b. AB- ____.

				c. DC- ____.

				d. OC- ____.

				6. Complete the statements.

				a. A line from the center of a circle to a point on the circle is called ____ .

				b. ____ is a line segment that joins any two points of the circle.

				c. Equal chords of a circle draw off ___ ____ at the center.

				d. The line that is drawn through the center of the circle to the midpoint of the chords is ____ to it.
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				B

				7. In the figure , , 
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				. Find the length of AB.
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				8. Ray OB bisects . Find length of chord BS.
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				9. In the figure,  and . Find .
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				10. In the figure, circle O has a radius of 10. . If AB = 8, what is the length of AC?
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				problems
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				11. Find the locus of all points equidistant from points D and E.

				12. Find the locus of point C, where C lies on the line d and equidistant from points A and B.

				C

				13. Prove the theorem: If a diameter of a circle bisects a chord, then it must be perpendicular to the chord.

				14. In the figure,  is diameter of circle.

				, Find measure of .
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				15. What is the angle between the hour and minute hand of the clock?

				16. Find the locus of all point equidistant from sides of angle ABC.

				a. 

				b. 
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				Relative Position Of A Line And A Circle

			

		

		
			
				Positions of a straight line and a circle with respect to each other have three main possibilities.

				1. External to the circle (No common points) 

				 

				d - distance between a line and the center of a circle O. 

				r - radius

				2. Secant to the circle (Two common points)

				 

				3. Tangent to the circle (One common point) 
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				Name all the radii, diameters, chords, secants, and tangents of a circle in the figure.

				Solution:

				Diameter: FC; 

				Radii: OF, OC and OB;

				Chords: FC, ED and FC;

				Secant: ED;

				Tangent line: GH

			

		

		
			
				Practice 8

			

		

		
			
				1. Look at the figure on the right.

				a. Name the tangents.	

				b. Name the secants.

				c. Name the chords.	

				d. Name the radii.

				e. Name the diameters.

			

		

		
			
				Relative position of a line and a circle. MUTUAL POSITION OF TWO CIRCLES

			

		

		
			
				4.2

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				
					Example 8
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				- analyse the relative positions of a line and a circle, and two circles.
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					You will:
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				Discuss the following questions:

				1. How are chords and secants alike? How are they different?

				2. Which segment does not belong with the other three?

				radius; tangent; diameter; chord;
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					Discussion
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				Relative position of two circles

			

		

		
			
				Consider two circles in a plane with radii  and  and centers  and . These circles can have different positions relative to each other. There are three main cases.
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				Two circles which have no common point are called nonintersecting circles.
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				Nonintersecting Circles

			

		

		
			
				2. If R is a radius of a circle and d is a distance between center of the circle and the line. Draw appropriate figures for each case.

				a. R = 5 cm, d = 2 cm; b. d = 8 cm, R = 3 cm; 

				c. R = 6 cm, d = 6 cm. 

			

		

		
			
				In the figure, two nonintersecting circles are given. Radii of smaller and larger circles are 7 cm and 20 cm respectively. AB = 2 cm. Find O1O2.

				Solution:

				Radius of the smaller circle is 7 cm, i.e 

				O1B = 7 cm

				Radius of the bigger circle is 20 cm, i.e 

				O2D = 20 cm

				AB = 2 cm. 

				At first, we will draw radius from center O1 to point B. And then we can write 
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					Example 9
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						Definition
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				Two circles having the same center are called "concentric".

				For example, darts contain concentric circles.
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				Note

			

		

		
			
				Chapter 4
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					Terminology

				

			

		

		
			
				Belong - тиісті/ принадлежать

				Distance - қашықтық/ расстояние

				Nearest - ең жақын/ ближайший

				Secant - қиюшы/ секущий

				Tangency - жанасу/ касание

				Tangent - жанама/ касательный
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				Practice 9

			

		

		
			
				In the figure given two nonintersecting circles which one of the circle lie interior of the other circle. Center of the  lie on the diameter of the . And CE = 8 cm, CB = 10 cm and BA = 2 cm. Find distance between centers of the two circles.
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				Tangent circles are circles in a common plane that intersect in a single point. There are two possible cases.
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				Tangent Circles

			

		

		
			
				The circles in the figure with centers A, B, and C are externally tangent to each other. AB = 16 cm, BC = 12 cm and AC = 14 cm are given. Find the radii of the circles. 

				Solution:

				The radii of circles A, B and C be r1, r2 and r3 respectively. Then we can write,
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					Example 10
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						Definition
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				Make a poster to show how tangent circles are used in everyday life. You can take photographs, make drawing or collect pictures from magazines or newspapers to show building, designs, signs and artwork which use circles and their tangents.
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					Art Time
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				Chapter 4
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				 - means circle with center at  .
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				Note
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				Practice 10

			

		

		
			
				The figure shows tangent circles . If MN = 9 cm, MP = 15 cm and PN = 12 cm. Find the radii of the circles.
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				Intersecting Circles

			

		

		
			
				Two circles with two common points are called intersecting circles.
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				In the figure, circles O and P intersect each other at points A and B. Find angles AOB and OAP, if circles pass through the centers of each other.

				
					[image: ]
				

				Solution:

				Let's join the points O, P and P, B. We can see that radii of two circles are congruent, and moreover, AOP and OBP are congruent equilateral triangles.
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				Therefore, according to the property of equilateral traingle .

				Angle Addition Axiom gives us 
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				Practice 11

			

		

		
			
				In the figure, circles O and P have intersected each other at the point A and B. Find value of x and y, if circles pass through the centers of each other.
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					Example 11
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						Definition
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					Facts
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				The most popular intersecting circles is the Olimplic symbol.

				The Olympic symbol consists of five interlaced rings of equal dimensions (the Olympic rings), used alone, in one or in five different colours.

				The Olympic symbol expresses the activity of the Olympic Movement and represents the union of the five continents and the meeting of athletes from throughout the world at the Olympic Games.
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					Terminology

				

			

		

		
			
				Externally - сыртынан/ внешне

				Intersecting circles - қиылысатын шеңберлер/ пересекающиеся окружности

				Share - бөлісу/ делиться

				Tangent circles - жанасатын шеңберлер/ касательные окружности

			

		

		
			
				Chapter 4
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				problems
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				A

				1. Decide whether each statement’s true (T) or false (F).

				a. Two circles lie outside each other. The distance between their centers is smaller than the sum of their radii. ( )

				b. Two circles tangent each other internally.

				The distance between their centers is equal to the difference of their radii. ( )

				c. Two different circles cannot intersect at more than two points. ( )

				d. Two circles intersecting each other at two points. The distance between their centers is greater than the sum of their radii. ( )

				e. One circle lie inside another. The distance between their centers is less than or equal to the difference of their radii. ( )

				2. Match each relative position of line and circle with the distance () between line and center of circle (-radius of the circle).
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					1) Line and circle have no points in common

				

				
					a) 
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					2) Line is secant to a circle

				

				
					b) 
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					3) Line is tangent to a circle

				

				
					c) 
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				B

				3. Match each relative position of two circles with the distance between their centers. 

				
					1) No common points

				

				
					a)
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					2) Externally tangent

				

				
					b)
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					3) Intersecting at two points

				

				
					c)
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					4) Internally tangent

				

				
					d)
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					5) One inside other

				

				
					e)
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				4. Construct all the common tangents of the two circles.

				C

				5. Construct 7 lines that lie at equal distance from the centers of both circles.

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						
							
								[image: ]
							

						

					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						
							
								[image: ]
							

						

					

					
						[image: ]
					

					
						[image: ]
					

				

			

		

		
			[image: ]
		

	
		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				problems
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				Determine whether these lines are tangent, secant or lie outside of circles? 

				6. In a 1 cm square grid given three circles with centers , and .
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				Find distance between A and B, determine approximately distance between B and C.

				7. Construct a line(s) that lies at equal distance from the centers of both circles such that

				a) the line is secant to C(A,3) and tangent to C(B,1)

				b) the line has no common point with C(B,1) and secant to C(A,3)

				8. Determine the distance between centers of circles, in a 1 cm square grid.
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				Secants and tangents

			

		

		
			
				In the previous section, we considered the possible positions of a straight line and a circle relative to each other. We know there are three main possibilities.

				a. No common point

				b. Two common points

				c. One common point

			

		

		
			
				The radius of a circle is perpendicular to tangent at the point of tangency. I.e |OH|l.

				Proof: Let H be the point of tangency, O be the center of the circle, and P be the foot of the altitude from O to the tangency line. Suppose that P and H are different points.

				Since  and , , so . But then  has an angle sum greater than which is a contradiction. Thus P and H must be the same point, so the radius from the center of the circle to the point of tangency is perpendicular to the tangent line, as desired.
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				CA in the figure is tangent to circle at A. Given  and find .
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				Solution:

				By property we have just seen, BAAC. Therefore,

				x + 35° + 90° = 180° 

				x = 55°
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				A line which intersects a circle at two different points is called a secant of circle.

				A line which intersects a circle at exactly one point is called a tangent of the circle. The intersection point is called the point of tangency.

			

		

		
			
				For example, 

				line AB is a secant and line d is a tangent to the given circle, where T is a point of tangency.

			

		

		
			
				propertIES of tangents to A circle

			

		

		
			
				Let us look at the properties of tangents.

			

		

		
			
				Tangent to A circle. Properties of tangents to A Circle

			

		

		
			
				4.3
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					Example 12
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						Definition
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					Property 3
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					- know the definitions of a tangent and a secant to a circle;

					- know and apply properties of tangent to a circle to solve problems;

				

			

			
				
					[image: ]
				

				
					
						You will:
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				Practice 12

			

		

		
			
				CA in the figure is tangent to circle at A. Given  and . Find value of x.
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				Let TP and TQ be two tangents drawn to a circle from an external point T, then 

				a. TP = TQ

				b. 

				c.  
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				In the figure, sides of a triangle ABC are tangent to a circle, such that K, L and M are point of tangency. |AK| = 5 cm, |BM| = 7 cm and |CM| = 10 cm. Find the perimeter of triangle ABC. 

				Solution:

				By property 2

				|AK| = |AL| = 5 cm,

				|BM| = |BK| = 7 cm,

				|CM| = |CL| = 10 cm. 

				
					[image: ]
				

			

		

		
			
				Practice 13

			

		

		
			
				In the figure X, Y and Z are points of tangency. |AY| = (5x + 1) cm, |BZ| =(13–2x) cm and 

				|CX| = (x + 10) cm. And the perimeter of triangle ABC is 80 cm. Find |CZ|. 
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					Example 13
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					Property 4
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					Terminology

				

			

		

		
			
				Exactly - нақты/точный

				External point - сыртқы нүкте/внешняя точка

				Perimeter - периметр

				Right angle - тік бұрыш/ прямой угол
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					Discussion

				

			

		

		
			
				Draw a circle and a secant AB of the circle on a paper as shown below. Draw various lines parallel to the secant on both sides of it.

				What happens to the length of chord coming closer and closer to the centre of the circle? 

				What is the longest chord?

				How many tangents can you draw to a circle, which are parallel to each other?
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				Chapter 4

			

		

		
			
				Proof: T is the point outside the circle. TP and TQ are two tangents to the circle form T. From the previous property  and So  (Hypotenuse-Leg congruence  radii of the same circle ). 
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				problems
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				A

				1. Explain the difference between the tangent line and the secant line? 

				2. Look at the figure and find all secant and tangent lines.

				B

				3. In the figure, AB is tangent to the circle at point A, . Find the measure of .
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				4. In the figure, AC is tangent to the circle 

				at point A, , cm. Find the length of OC.
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				5. In the figure, AB is tangent to the circle 

				at point A, . Find the measure of.
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				6. In the figure, AB is tangent to the circle at point B, , . Find the measure of .
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				7. In the figure, AB is tangent to the circle at point A, . Find the measure of .
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				8. In the figure, AC is tangent to the circle at point A, , , , cm. Find the length of .
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				problems
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				C

				9. In the figure AC, BD and EC are tangent of the circle at points A, F and E respectively,  cm, cm, cm, find the length of BC.
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				10. In the figure tangent line AB intersects with secant line CD at point B. , . Find the measure of angle between tangent line and secant line. 
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				11. In the figure, AB and BC are tangents to the circle at points A and C respectively. Prove that BO is an angle bisector of , if O is center of circle.
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				12. In the figure AB is tangent to a circle at point A, . Find the measure of .
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				Inscribed and Circumscribed Circles of Triangles

			

		

		
			
				Think of a circle inside a triangle, which is tangent to all its sides.

			

		

		
			
				A circle is inscribed in the triangle if the triangle's three sides are all tangents to a circle. In this situation, the circle is called an inscribed circle.

			

		

		
			
				The center of the circle inscribed in a triangle is the incenter of the triangle, the point where the angle bisectors of the triangle meet.

			

		

		
			
				Find center of inscribed circle of a triangle ABC.

				Solution: 

				As you know, incenter is an intersection point of angle bisectors of a triangle. So by the definition, incenter is a center of the inscribed circle of a triangle. 

				Let us use protractor to find half of measure of each angle. We draw angle bisectors of triangle, i.e. CH and BK.

				The point E is a center of the inscribed circle of the triangle ABC.

			

		

		
			
				Practice 14

			

		

		
			
				Find center of inscribed circle of a triangle.

				a. 	b. 
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				Inscribed circle of a triangle and circumscribed circle of a triangle

			

		

		
			
				4.4
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					Example 14
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						Definition
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				- know the definition of the inscribed circle of a triangle and the circumscribed circle of a triangle;

				- explain the location of centers of circles, for a circle circumscribed a triangle and a circle inscribed a triangle.
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					You will:
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				Angle Bisector

				To find angle bisector we can use protractor. In the figure shown below, we find angle bisector of angle AEB. 

				EC is an angle bisector of angle AEB which divide the measure of angle AEB by equal parts. 
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				Note
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				A circumscribed circle of a triangle is a circle that passes through all the vertices of the triangle. In this situation, the circle is called a circumscribed circle.

			

		

		
			
				A circumcenter of the triangle, the point where the perpendicular bisectors of the sides meet.

			

		

		
			
				Find center of a circumcribed circle of a triangle. 

				Solution:

				As you know, circumcenter of a triangle is a center of a circumcribed circle of a triangle. And circumcenter is intersection point of perpendicular bisectors of the sides. 

				At firstly, we find midpoints of the each side of a triangle using ruler, then draw a perpendicular line to midpoint of each side of a triangle. 

				Hence, in the figure above, point D is center of a circumcribed circle of a given triangle. 

			

		

		
			
				Practice 15

			

		

		
			
				Find center of inscribed circle of a triangle.

				a. 	b. 
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					Example 15
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						Definition
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					Terminology

				

			

		

		
			
				Circumscribed - сырттай сызылған/ описанный

				Inscribed - іштей сызылған/ вписанный

				Pass - өтеді/проходят

			

		

		
			
				Chapter 4
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				problems

			

		

		
			[image: ]
		

		
			
				A

				1. What is incenter of a triangle?

				2. What is circumcenter of a triangle?

				3. Explain the difference between circumscribed and inscribed circles of the triangles.

				4. Decide whether each statement's true(T) or false(F).

				a. Perpendicular bisectors of sides of a triangle have no points in common. ( )

				b. Inscribed circle of a triangle touches each side of the triangle at one point. ( )

				c. The circumcenter of a triangle is a common point of angle bisectors of a triangle. ( )

				d. The distance between incenter of a triangle and its sides equals the radius of inscribed circle of the triangle. ( )

				e. The point that lies at equal distance from vertices of a triangle is the circumcenter of the triangle. ( )

				5. Fill in the blanks to complete the statements.

				a. The line segment ____ is an angle bisector of the triangle.
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				b. Point  is center of ____ circle of the triangle.

				c. The line segment ____ is a median of the triangle.

				d. The segment ____ is radius of inscribed circle of the triangle.

				e. ___.

				f. ___. 

				g. ___.

				h. ______, ______.
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				i. ___, ___ and ___ are tangent points of the circle and the triangle.

				j. ___ .

				k. The line segment ____ is radius of the circumscribed circle of the triangle. 

				l. The line segment ___ is secant line of the circle.

				m. Line segments ___, ___ and ___ are chords of the circle.  

				B

				6. Explain why the incenter is equidistant from each of the sides of the triangle.

				7. Explain why the circumcenter is equidistant from each of the vertices of the triangle.

				8. Intersection point of bisectors of the triangle is the center of the inscribed circle of the triangle. Explain why.
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				problems
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				9. Intersection points of perpendicular bisectors of sides of any triangle is at circumcenter of the triangle. Explain why.

				10. Construct the incenter of the triangle.

				11. Construct the circumcenter of the triangle.

				C

				12. For which types of the triangle incenter and circumcenter of the triangle are at the same point? Explain.

				13. Construct the incenter of the triangle.
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				14. Construct the circumcenter of the triangle.
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				introduction to geometrical constructions

			

		

		
			
				"Construction" in geometry means to draw shapes, angles or lines accurately. In geometry constructions, you can use only a straight edge (ruler), a compass and a pencil. This is the "pure" form of geometric construction: no numbers involved!
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				Use of Compasses

			

		

		
			
				Compasses are a drawing instrument used for drawing circles and arcs. It has two moveable legs attached together by a hinge.

				Following shows how compasses can be used.

				To draw a circle or an arc.

				Step 1: Adjust two legs of the 

				compasses so that distance 

				between to ends is equal to 

				radius of the circle.

				Step 2: Fix the pointed end at the

				center of a circle and

				move other leg to draw a

				circle or an arc of the

				circle.

				Marking of a length

				Step 1: Adjust the legs of the compasses until 

				the ends touch points A and B.

				Step 2: Draw another line m and 

				mark a point D on line m.
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				Construction problems

			

		

		
			
				4.5
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				- construct an angle equal to a given one, and the bisector of an angle; divide a segment in half;

				- construct a perpendicular bisector to the segment, line, perpendicular to this line;

				- construct triangles by given elements.
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					You will:
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				Why we learn about constructions

				The Greeks formulated much of what we think of as geometry over 2000 years ago. In particular, the mathematician Euclid documented it in his book titled "Elements", which is still regarded as an authoritative geometry reference. In that work, he uses these construction techniques extensively, and so they have become a part of the geometry field of study. They also provide insight into geometric concepts and give us tools to draw things when direct measurement is not appropriate.
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					Fact
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				In the figure, given  ABC. Construct angle congruent to angle ABC.

				Solution:

				We can construct the congruent angle to given angle by using six steps as shown below.

				1. We draw ray DE beside angle ABC.

				2. Open your compasses to any radius and draw arc (B;r) which will intersect to sides of angle ABC at points T and P.

				3. Fix pointed end at D and draw arc (D;r) which intersect ray DE at point S.
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				construction of an Angle Congruent to a Given Angle

			

		

		
			
				The basic idea behind copying a given angle is to use your compass to measure how wide the angle is open; then you create another angle with the same amount of opening.
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				Step 3: Without adjusting the legs of the

				compasses, fix the pointed end

				at D and move the other leg to

				draw an arc cutting m at E.

				Hence DE = AB.
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					Example 16
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				We write circle with center O and with radius r as  or (O;r). 
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				Note
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					Terminology

				

			

		

		
			
				Accurately - нақты/точно

				Adjuct - реттеу/регулировать

				Attached - бекітілген/прикрепленный

				Beside - жанында/рядом

				Compass - циркуль

				Construct - салу/строить

				Fix - белгілеп қою/фиксировать

				Hinge - ілмек/шарнир

				Ruler - сызғыш/линейка

			

		

		
			
				Chapter 4
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				4. Construct arc (T;TP)

				5. Construct arc (S;SZ) intersecting arc (D;r) at point Z. 

				6. Draw ray DZ and we are done.

			

		

		
			
				Practice 16

			

		

		
			
				Construct angle congruent to each angle.

				a. b. 
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				construction of an Angle Bisectors

			

		

		
			
				In the figure at the right, the ray BE divides angle ABC into two equal parts, i.e. . Therefore, remember BE is known as the angle bisector of angle ABC.

				We follow the next steps to construct a bisector of a given angle using compass and ruler:

				1. Place one compass point at the vertex of the angle, draw an arc that intersects both sides of the angle.
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					Discussion

				

			

		

		
			
				How many bisectors can an angle have? Discuss with your classmates. You can draw a diagram to illustrate your answer.
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				To check that the bisector of an angle has been drawn correctly, we can:

				a. Measure the two angles formed by the bisector. They should be equal.

				b. Fold the angle so the bisector is the fold line. The two arms should coincide.

				c. Place miror along the angle bisector. The reflection image of one leg of the angle should coincide with other leg, and vice verse.
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				Note

			

		

		
			
				Chapter 4
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				2. Draw an arc from each of these points of intersection so that the arcs intersect in the interior of the angle. The compass needs to stay open the same measure.

				3. Draw the ray from the vertex of the angle to the intersection of the two arcs drawn till this.

				The point determined in the second step is equidistant from the two rays and thus must lie on the angle bisector, therefore our construction is justified.

			

		

		
			
				Draw an angle DEF of 90°. Construct the angle bisector of DEF.

				Solution:

				In the figure at the right, we construct the angle bisector of DEF by using the following steps: 

				1. Using a ruler and a protractor, draw an angle DEF of 90°. 

				2. With E as center and with a suitable fixed radius, draw an arc to cut DE at T and EF at S.

				3. With T center and a suitable radius draw arc 1.

				4. Use the same radius as in Step 3, with S as center, draw arc 2 to cut arc 1 at W.

				5. Join EW. 

				Therefore, EW is the angle bisector of DEF.
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					Example 17

				

			

		

		
			
				Practice 17

			

		

		
			
				1. Draw an angle ABC of 60°. Construct the angle bisector of ABC.

				2. Draw an angle MNO of 108°. Construct the angle bisector of .
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					Research time

				

			

		

		
			
				It can be proven that in general, it is not possible to use a pair of compasses and a ruler to divide the angle into three equal parts. However, we can divide the angle into three equal parts using an origami. Search on the internet to find out how this can be done.
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					Terminology

				

			

		

		
			
				Ray - сәуле/луч

				Till - дейін/до

				Suitable - жарамды/подходящее

			

		

		
			
				Chapter 4

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Dividing a segment in half

			

		

		
			
				We follow the next steps to divide a segment in half using compass and ruler:

				1. Mark the end points of the line segment you want to divide in half.

				2. Using a compass draw a circle around one end point. Make the radius close to the line segment length.

				3. Repeat the action at the other end of the line segment using exactly the same compass setting for the circle radius.

				4. Since only the places where the circles intersect is of relevance to this you really only need to strike the arcs shown.

				Hence, line FH is a divide the line segment AB into to equal parts at point. 

				i.e. AC = CB. 

				As well as a line FH is a perpendicular bisector to the line segment AB at point C. i.e. FH  AB. Because FH can be the perpendicular bisector of AB if and only if it will be passed through the midpoint of AB.
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					Research time

				

			

		

		
			
				Generally we have five methods to draw line perpendicular to a given line segment. As you know we use ruler and a compass method to draw line perpendicular to a given line segment.Search on internet other 4 methods where you can use to draw a line perpendicular to a given line segment. And then answer the following questions:

				a. Which method do you prefer?

				b. Which method is most accurate? Explain your choice.

			

		

		
			
				Chapter 4
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				Draw line segment AB of the length 10 cm. Then draw a line segment perpendicular to AB.

				Solution:

				1. By using ruler draw a line segment AB. 

				2. Using a compass draw a circle around one end point. Make the radius close to the line segment length.

				3. Repeat the action at the other end of the line segment using exactly the same compass setting for the circle radius.

				4. Draw a line segment to AB at points E and F. 

				Therefore, in the figure at the right, line segment EF divides AB into two equal parts and also perpendicular to AB at point O. i.e. AO = OB and EF  AB 
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				Practice 18

			

		

		
			
				Draw line segment AB of the length 12 cm. Then draw a line segment perpendicular to AB.

			

		

		
			
				Constructing a triangle by given elements 

			

		

		
			
				Start with three line segments that will be the three sides of the triangle PQR.

				1. Mark a point R that will be one vertex of the new triangle.
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					Example 18

				

			

		

		
			[image: ]
		

		
			
				[image: ]
			

			
				
					Terminology

				

			

		

		
			
				Accurate - нақты/точный

				Action - әрекет/действие

				Relevance - өзектілігі/ актуальность
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					Research time

				

			

		

		
			
				As you can see we can use a pair of compasses and a ruler to draw perpendicular bisectors of a line segment. However, we can draw to perpendicular bisectors of a line segment using paper folding. Search on the internet to find out how this can be done.

			

		

		
			
				Chapter 4
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				2. Set the compasses' width to the length of the segment RP. This will become the base of the new triangle. Then with the compasses' point on R, make an arc near the future vertex P of the triangle. Mark a point P on this arc. This will become the next vertex of the new triangle.

				3. Set the compasses' width to the length of the line segment RQ. Place the compasses' point on R and make an arc in the nearest of where the third vertex of the triangle (Q) will be. All points along this arc are the distance RQ from Q, but we do not yet quite know exactly where the vertex Q is.

				4. From point P, draw an arc crossing the first. Where these intersect is the vertex Q of the triangle
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					Activity

				

			

		

		
			
				Construct a Triangle!!!

				Start with 10 points. Roll three dice. Try to construct a triangle with numbers shown in a dice. If a triangle can be drawn, you gain a point, if it can't, you lose a point. If you reach 20 points you win the game, if you reach 0 you lose.

			

		

		
			
				Chapter 4
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				Practice 19

			

		

		
			
				Draw the triangle with given line segments.

				a. 	b. 
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				5. Finally, draw the three sides RP, RQ, and PQ of the new triangle.

				6. We are done. The triangle RPQ has each side congruent to the corresponding line segment.
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				Chapter 4
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				problems
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				A

				1. Draw a line segment  of length 5.3 cm. Construct the midpoint of .

				
					[image: ]
				

				2. How can we find the midpoint of any line segment?

				3. Draw a line segment CD of length mm. Construct the perpendicular bisector of CD.

				4. Construct an angle  of .
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				5. Construct a perpendicular bisector to the given segment. Use compass and straightedge ruler without scale.

				6. Construct a segment AC, so that . Use compass and straightedge ruler without scale.
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				7. Draw a line segment  of length cm. Construct the perpendicular bisector of .
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				8. Draw a line segment  of length 7.5 cm. Construct three points on the segment  that divide the segment into four equal parts.
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				B

				9. Draw an equilateral triangle ABC of side 4.5 cm.
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				10. Construct an angle of  with the given ray.
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				11. Construct isosceles right triangle ,   and cm.
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				12. Construct an angle bisector to the given angle.

				13. Construct a perpendicular line from point C to the line AB.

				14. Construct a segment from the point C that is equal to the segment AB and lies on the same line with it.

				15. Construct triangle such that cm, cm and . Write down the length of KM. Round the result to the nearest tenth.
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				16. In , cm, cm andcm. Construct an equilateral triangle, such that .
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				problems
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				17. Construct an equilateral triangle  with sides 4.6 cm. The point  lies at equal distance from all sides of the triangle. Find and label O.
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				18. Construct three points on given segment, such that they divide the segment into four equal parts.

				C

				19. Draw an isosceles triangle ABC of base cm and legs equal to 5 cm.

				20. Yerzhans’ parents left 2/3 of a pizza for Yerzhan and his siblings. Help Yerzhan to divide the pizza into equal pieces if there are 4 children in the family.

				21. Draw an isosceles right triangle  with hypotenuse cm.
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				22. Construct any right triangle where hypotenuse is twice one of its legs.

				23. Construct an adjacent angle congruent to the given angle.
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				24. Construct an equilateral triangle circumscribed about the circle  and contains point D. 
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				25. Construct a perpendicular bisector to the given line segment, in a 1 cm square grid.

				26. Construct  such that cm, cm and . The point is equidistant from vertices of the triangle. Find and label O. 
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				27. Construct  such that cm, cm and cm. The point S is equidistant from MN, NP and MP. Find and label S. 
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				28. Construct  such that cm, cm and cm. Find the measure of angle opposite to the longest side. (Hint: Use a protractor.)
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				29. Construct  such that cm,  and . Find the length of .
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				CIRCLE

				The locus of points on the plane, equidistant from a fixed point, is a circle. The Fixed point is called a center of the circle.

				PARTS OF A CIRCLE

				Radius - is the distance from the center of the circle to any point on its circumference.

				Diameter - is the length of the line through the center and touching two points on its edge.

				Chord - is a straight line segment whose endpoints both lie on the circle.

				Secant - line that intersects circle at two distinct points.

				Tangent - is a line that intersects a circle at one point.

				perpendicular diameter to a chord

				A radius or diameter that is perpendicular to a chord divides the chord into two equal parts.
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				CENTRAL ANGLE

				A central angle is an angle formed by two radii with the vertex at the center of a circle.

				In the same circle or in congruent circles, If two central angles are congruent, then the intercepted chords and arc are congruent, the converse is also true.

				 

				relative position of line to a circle

				Positions of a straight line and a circle with respect to each other have three main possibilities.

				1. External to the circle (No common points) 

				 

				d - distance between a line and the center of a circle O. 

				r - radius

				 

				 

				2. Secant to the circle (Two common points)
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				S U M M A R Y
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				3. Tangent to the circle (One common point) 
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				Properties of tangents to A Circle

				The radius of a circle is perpendicular to tangent at the point of tangency. I.e |OH|l.
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				Let TP and TQ be two tangents drawn to a circle from an external point T, then 

				a. TP = TQ

				b. 	

				c.   
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				Relative position of two circles

				Nonintersecting circles - wo circles which have no common point

				Intersecting circles - Two circles which have two common points
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				Tangent circles - two circles which have only one common point

				Inscribed and Circumscribed Circles of Triangles

				Inscribed circle - a circle is inscribed in the triangle if the triangle's three sides are all tangents to a circle.

				Circumscribed circle - a circle that passes through all the vertices of the triangle. 
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				1. Comes from the two Greek words geo and metron which mean ‘Earth’ and ‘to measure’

				a. Algebra b. Geometry 

				c. Measurement	d. Statistics

				2. Which of the following is not an undefined term?

				a. Plane	b. Line

				c. Segment	d. Point

				Fill in the blank (3 - 6)

				3. The dombyra string is an example of a _________.

				4. Two line intersect at a common ___________.

				5. Degree of a straight line is __________.

				6. __________ lines go on forever, but they never meet.

				7. A point in a plane can have how many lines going through it?

				a. one	b. exactly two

				c. none	d. infinite 

				8.  is the midpoint of line segment . Find the length of OL, if the length of KL = 10 cm.
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				9. Point  is on segment . If cm,  cm. Find the length of ?
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				10. Match the angles according to figure.

				
					1. 
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					a. 
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					2. 
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				11. , and  are collinear points. If we know that the length of KM = 20 cm and ML = 12 cm, find 
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				a. the largest measure of 

				b. the smallest measure of 

				12. What are the conditions for congruency?
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				13. Aya has two congruent flower beds in her backyard. The flower beds are quadrilaterals. If the longest side of one of the flower beds is 14 cm, how long is the longest side of the other bed?

				14. Identify two pairs of congruent shapes from the options below.

				15. Find x 

				a.  b. 
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				c.  d. 
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				16. Find value of the variable.

				a.  b. 
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				17. Write words to complete the sentence.

				a. If all sides of the triangle have different lengths is called ____ .

				b. A triangle called ____ if all its angles small than degree.

				c. A triangle called ____ if it has at least two congruent angles.
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				Review Exercises

			

		

		
			
				d. A triangle called ____ if one of its angles bigger than degree.

				e. If all sides of the triangle are congruent is called ____ .

				18. If all sides of a scalene triangle are consecutive and its perimeter is 27 cm, find sides of the triangle.

				19. Decide whether each definition true or false. State whether true (T) or false (F).

				a. All medians of any triangle have not a common point. ( )

				b. A midline of a triangle that joins midpoints of any pair of sides is parallel to the third side. ( )

				c. The intersection point of perpendicular bisectors of a triangle is on the triangle ( )

				d. The angle between altitude and base that it passes is always degree. ( )

				e. A midline of a triangle is a segment whose endpoints are the midpoints of two sides of the triangle. ( )

				20. Find the intersection point of medians of the given triangle, if the size of squares is 1 unit.

				21. Draw the angle bisector of given angle in the figure.

				22. Draw the intersection points of altitudes of triangle in the figure.

				23. Construct an isosceles triangle whose vertices are three of the given points.
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				24. Construct an isosceles triangle whose vertices are three of the given points.

				25. . Find the unknown value in each statement, using the properties of congruence.

				a. ,  
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				b. , 
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				d. , 

				
					[image: ]
				

				26. Construct two parallel lines that pass through two pairs of the points in a 1 cm square grid.

				27. Select a pair of parallel lines in a 1 cm square grid.

				28. In the given figure ,  and . Find .
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				29. In the given figure , , and . Find .
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				30. In the figure {S, Q,T} – are in the same line, {R, T, Y} – are in the same line ,  and . Find x.
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				31. In the figure, ,  and . Find x.
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				32. In the figure , and . Find .
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				33. In the figure ABC is right triangle. The point D is a midpoint of the hypotenuse. ,, . Find x.
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				34. What is the difference between tangent and secant lines of the circles?

				35. In the figure PD, BC and PE are tangent at the points D, A and E respectively,  cm,  cm,  cm, find the ratio of .
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				36. In the given circle with center O. , cm, find the diameter of the circle.
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				37. An circle of radius is inscribed in the triangle ABC. , cm. Find the perimeter of the triangle ABC.
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				38. Two equal circles with centers O and P are given. LK is is a common chord and radii of the circles are 5 cm. 
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				Find

				a) Distance between the center of the circle and chord. 

				b) Measure of .	c) Measure of .
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				39. A triangle ABC is inscribed in a circle with center O. If and . Find the measure of .
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				40. What is the angle between the hour and minute hand of the clock?

				41. Construct such that cm, cm and cm. Find the measure of an angle opposite to the longest side.
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				42. Construct such that cm, cm and cm. Find the measure of an angle opposite to the shortest side.
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				43. In the figure and inscribed circle. cm, cm and . Find .
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				44. In the figure semicircle with center O. ,, .Find the measure of angle.
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				45. In the figure circle with center O. is tangent to the circle at point B. cm, . Find the length of AB. 
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				46. Construct an isosceles right triangle, such that length of legs are 2 cm. Determine the length of hypotenuse of this right triangle. Round the result to the nearest tenth.
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				PROBLEMS 1.1

				4. a. line b. parallel c. line 

				d. dimension and size 

				5. a. false b. true c. true d. true 

				6. 14 cm 7. 13 cm	8. 1.c 2.a 3.e 4.b 5.d 9. 8 10. 2	11. 15 

				12. 4	13. a. false b. false c. false d. true e. false f. true 14. a. axiom b. axiom  c. axiom d. theorem e. axiom 15. a. 22 cm b. 8 cm 16. a. no b. yes c. yes d. no e. no 17. 8 19. a. 6 b. 6; ray AB, ray BC, ray CD, ray BA, ray CB, ray DC (pay attention: same ray may have different names, ex: BC and BD are same) 20. a. 45 and 45 b. 60 and 30 c. 54 and 36 d. 48 and 42 21. 15.
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				Problems 1.2

				1. shape; size 	2. AD = EH; AG = EK; DG = HK and A = E; D = H; G = K; 7. AD = KL; DE = LN; AE = KN and A = K; D = L; E = N; 
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				8. PQ = 6 cm, QK = 7 cm and PK = 8 cm

				9. BC = 3 and MN = 8  

				10. BC = 12 cm and C = 15°  11. 180 

				12. a. 6 b. 20 c. 22 d. 33/24

				Problems 1.3

				1.C 2. D	3. D 4. A 5. B 6. B 

				 7. B 8. A  12. False 15. A,D,B,C 17. D 

				Problems 1.4

				2. a. 62 b. 48 c. 72 d. 18 e. 30 

				3. a. 72 b. 98 c. 79 d. 91 e. 82 

				4. a. 20 b. 25 c. 10 5. a. 66 b. 57 c. 62 

				6. a. 19 b. 17 c. 20 7. a. 57 b. 44 c. 125 d. 26 e. 53 

				f. 150 8. a. 25 b. 20 9. 10 and 170 10. 42 and 48 11. 72 and 108 12. 102.5 and 77.5	13. 24 and 66 14. a = 63 15. 23/13 16. x = 50 17. 135 18. a = 60, b = 120 and c = 60 

				19. 130, 50, 130 and 50 20. 75 21. a. a = 100; b = 100 and d = 80 b. m = 57; c = 43; n = 57 and p = 80 

				c. c = 60°; a = 120°; d = 70°, f = 50°, b = 130° and e = 130° d. x = 90°; y = 45° and z = 110° 22. a = 30 23. 70°	

				24. 70 25. They are both right triangles 

				26. a. x = 90; b. y = 90; c. z = 90. 

				PROBLEMS 2.1

				2. a. scalene triangle b. acute triangle 

				c. isosceles triangle d. obtuse triangle 

				e. equilateral triangle

				3. a. BFC b. ABC, BEF, FEC c. BFC d. ABF e. ABF 4. a. equilateral triangle  b. isosceles triangle c . scalene triangle 5. a. acute triangle b. obtuse triangle 
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				c . right triangle d. obtuse triangle 

				6. a = 17/2, b = 17/2 and c = 16 7. a. a = b = 25 

				b. a = b = c = 25	9. a = 7, b = 8 and c = 9  10. 66 

				11. a = b = 7, c = 8 12. a = 12, b = 14 and c = 16  

				PROBLEMS 2.2

				1. In a triangle, a line segment joining a vertex to the midpoint of the opposite side

				2. In a triangle, a perpendicular line segment from a vertex of the triangle to the line containing the opposite side of the triangle

				3. In a triangle, a line segment that bisects an angle of the triangle and has an endpoint on the opposite side

				4. A line segment which join midpoints of two sides of a triangle

				5. In a triangle, a line that is perpendicular to a side at its midpoint

				6. a. false b. true c. false d. true e. true 

				7. a. bisectors b. NP, KF, LG  c. KF, KLN 

				d. perpendicular bisectors e. isosceles f. Q g. AE, BD, KF h. FN i. H j.  

				8. ∆ABE, ∆ACE, ∆ADM, ∆ACM, ∆MCE, ∆ADC, ∆BCD	9 - 14. left for students 15. EF = 6.4 16 - 18. left for students

				PROBLEMS 2.3

				1. a. QP b. PC  c. CA d. QPC e. CAB f. BCA 
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				2. AB = DE, BC = EF, AC = DF, A = D, B = E, 
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				C = F 3. a. PE, EN, PN b. EN, AT  c. R, A 
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				4. WON 5. X, Z 6 - 7. left for students 
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				8. a. m = 6 b. v = 20 c. u = 22 d. x = 33/24 

				9. a. b = 6.5; p = 6; r = 7 b. z = 6.5; B = q; R = c 
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				c. b = 10, C = y; P = a 10. x = 2  12. 67 
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				13. a. BTA; b. TPQ  14. 10 
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				PROBLEMS 2.4

				1. a.  b.  c.  d.  
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				2 - 3. left for students 4.  5.  6.  7.  8.   9.  10 - 13. left for student 
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				14. 24 cm 15. 1 cm 16. 7 17. 12 cm 18. 2 

				PROBLEMS 3.1

				1. Transversal  3. a. 65° b. 115° c. 65° d. 65° 

				e. 115° f. 115°  4. a. e = f = 52° b. g = h = 78° 

				c. 30 d. 5 5. a. 9 b. 20 c. 11 d. 35 6. a. 45 

				b. 24 7. 43 8.  140  9. 140 10. 10 11. x = 70 y = 20	12. 70° 13. 85	14. x = 50	15. a. 57 b. a = 80, b = 75 c. x = 10, y = 170 d. x = 140 16. a. a = 65, b = 115, c = 65, d = 50, e = 65, f = 65 b. a = 66, b = 38 c. x = z = 110, y = 50 d. 35 18. a. 50 

				b. 55 20. 360 21. 106 24. 60 25. 140 26. 290 28. a = 82 29. x = 48 
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				answer key
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				30. 40 31. x = 55 32. 60 33. u = 70 v = 35

				PROBLEMS 3.2

				1. a.  b.  c.  d.  e.  f.  
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				6.  7.  8.  
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				9. 	10.  11.  
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				12.  13.  
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				14. a. b.  
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				c. 	d.  
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				e.  

				15. a.  b.  
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				c.  d.  
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				16.  17.  18.  19.  20. 	21.  
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				22.  23. 	27.  28. 	24. 
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				25.  27.  28. 
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				29. 115	30.  

				PROBLEMS 3.3

				3. a. MN < NO < MO b. PQ < RQ < PR 

				c. UV < UW < VW 

				4.a.  

				b.  

				c.	

				d.  

				5. a. Yes, scalene triangle b. No c. Yes, isosceles triangle d.Yes, scalene triangle  e.Yes, equilateral triangle 7.  a. AB b. BC c. BC d. AC 

				8. (6 ; 24) 9.  Ten 10. (3 ; 17) 

				11. (0 ; 18) 12. (0 ; 24) 

				14. a. 	b.   
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				c. 

				16. a. 

				b. 

				c. 

				 

				PROBLEMS 3.4

				3. 24 4.  5. 34  6. 42 

				8. x = 17, y = 9 9. a. x = 14, y = 7 b. x = 4.5, y = 7

				PROBLEMS 3.5

				1.   3. 1 cm 4. 3.5 cm  5. 6 cm

				6. a. 5 cm b. 2.5 cm 9. 4 cm
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				10. 12 cm

				PROBLEMS 4.1

				5. a. radius b. chord c. diameter d. radius 6. a. radius b. chord c. equal angle d. perpendicular 

				7. 12cm 8. 12 9. 30° 10. 4 14.  15. 90°

				PROBLEMS 4.2

				1. a. false b. true c. true d. false e. true  

				2. 1.c 2.a 3.b 3. 1.c 2.e 3.a 4.b 5.d 

				6. cm, cm 
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				8. 3cm

				PROBLEMS 4.3

				3.  4. 10cm 5.  6.  7.  
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				8. 2cm 9. 13cm 10.  12. 
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				PROBLEMS 4.4

				4. a. false b. true c. false d. true e. true 

				5. a. AG b. inscribed c. SH d. OE e. BF f. TY g. AE 

				h. ,   i. D,E,F j. AB k. NS l. AG 
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				m. TS, TY, SY 10 - 14. left for student	

				7th GRADE REVIEW

				1. b 2. c 7. d 8. 5 9. 13 

				10. 1.a 2. e 3. d 4. b 5. c 11. a. 32 b. 8 

				13. 14 14. A = C and D = H 

				15. a. 30 b. 25 c. 9 d. 18 16. a. 43 b. 16  17. a. scalene b. acute c. isosceles d. obtuse e. equilateral 

				18. 8,9, 10 cm 19. a. F b. T c. F d. T e. T 25. a. 3 b. 20 

				c. 7 d. 3 26.  27.  28.  
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				29.  30. 	31.  
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				32.  33. 3.5cm 35. 1.5 

				36. 14cm 37. 12cm 38. a.2.5cm b.  

				c.  39.  40.  41.   42.   43.42cm 44.  45. 11cm
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				A

				Acute angle - an angle whose measure is less than 90°. 

				Acute triangle - a triangle with three acute an-gles. 

				Adjacent angles - two non-overlapping angles with a common vertex and exactly one common side.

				Adjacent interior angle - the interior angle that forms a linear pair with a given exterior angle of a triangle. 

				Altitude - a line segment drawn from the vertex of a figure perpendicular to its base or the line containing the base, or the length of the altitude segment. 

				Angle - two noncollinear rays (the sides of the angle) having a common endpoint (the angle’s vertex). 

				Angle bisector - a ray that has the vertex of the angle as its endpoint, and that divides the angle into two congruent angles.

				Arc (of a circle) - two points on the circle (the endpoints of the arc) and the points of the cir-cle between them. An angle intercepts an arc if the sides of the angle intersect the circle at the endpoints of the arc. The arc is included by the chord with the same endpoints. 

				Arc measure - the measure of the central angle that intercepts an arc, measured in degrees. See central angle. 

				Area  - a measure of the size of the interior of a figure. 

				Assume - to accept as true without facts or proof. 

				Auxiliary line - an extra line or line segment drawn in a figure to help in a proof. 

				Axiom - statement accepted true without proof.

				B

				Base angles (of an isosceles triangle) - the two angles opposite the two congruent sides.

				Bisect - to divide into two congruent parts. 

				C

			

		

		
			
				Center (of a circle ) - the point from which all points on the figure are the same distance.

				Central angle (of a chord or arc) - an angle whose vertex is the center of a circle and whose sides pass through the endpoints of a chord or arc.

				Centroid - the point of concurrency of a trian-gle’s three medians. 

				Chord - a line segment whose endpoints lie on a circle. 

				Circle - the set of all points in a plane at a given distance (the radius) from a given point (the cen-ter). 

				Circumcenter - the point of concurrency of a tri-angle’s three perpendicular bisectors.

				Circumference - the distance around a circle, given by the formula C = 2, where r is the ra-dius of the circle. 

				Circumscribed - passing through each vertex of a figure, usually referring to circles circum-scribed around polygons The figure inside is in-scribed in the circumscribed figure. 

				Classify - to categorize something according to some chosen characteristics. 

				Coincide - lying exactly on top of each other. Line segments that coincide are identical; they have all the same points. 

				Collinear - lying on the same line. 

				Compass - a tool used to construct circles.

				Complementary angles - two angles whose

				measures have the sum 90°. 

				Concurrent - intersecting at a single point (called the point of concurrency). 

				Conditional statement - a statement that can be expressed in if-then form. 

				Congruent - identical in shape and size

				Converse (of a conditional statement) - the state-ment formed by exchanging the antecedent and the consequent. 

				Coplanar - lying in the same plane. 

				D
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				Determine - to know, or make it possible to know, all the characteristics of a figure. For ex-ample, three sides determine a triangle; three angles do not determine a triangle. 

				Diagonal - a line segment connecting two non-consecutive vertices of a polygon or polyhedron. 

				Diameter (of a circle) - a chord of a circle that contains its center. 

				Direct proof - a proof in which you state prem-ises, then use valid forms of reasoning to arrive directly at a conclusion. See indirect proof. 

				Distance (between two points) - the length of the line segment between two points. 

				E

				Edge - the intersection of faces in a three-dimensional figure

				Endpoints - the points at the ends of a line seg-ment or arc. 

				Equiangular triangle - a triangle whose angles are congruent. 

				Equilateral triangle - a triangle whose sides are congruent.

				Exterior angle - an angle that forms a linear pair with one of the interior angles of a triangle. 

				Externally tangent (circles) - intersecting at ex-actly one point, with neither circle inside the other.

				I

				Included angle - an angle formed between two given sides of a triangle. 

				Included side - a side of a triangle between two given angles. 

				Indirect proof - a proof that begins by assuming the conclusion is not true and leads to a contra-diction of either the assumption or a previously proved theorem. 

				Inscribed - having each vertex on the circle. Usually referring to triangle inscribed in circles.

				Inscribed angle - an angle formed by two chords of the circle with a common endpoint (the vertex 

			

		

		
			
				of the angle). 

				Internally tangent (circles) - intersecting at ex-actly one point, with one circle inside the other. See tangent circles. 

				Isosceles triangle - a triangle with at least two congruent sides. If a triangle has exactly two congruent sides, they are called the legs and the angle between them is called the vertex an-gle. The side opposite the vertex angle is called the base. The nonvertex angles are called the base angles. 

				L

				Legs (of an isosceles triangle) - the two congru-ent sides of a nonequilateral isosceles triangle.

				Legs (of a right triangle) - the two sides that are not the hypotenuse. 

				Length of an arc - the portion of the circumfer-ence of the circle described by an arc, measured in units of length. 

				Line - an undefined term in most deductive sys-tems. A straight arrangement of infinitely many points. A line has no thickness and is therefore considered one-dimensional. 

				Line segment - two points (the endpoints of the line segment) and all the points between them that are on the line containing them. The line segment connects the points. The measure of a line segment is its length. 

				Linear pair of angles - two adjacent angles whose distinct sides lie on the same line. 

				Locus - the path of a moving point; the set of all points in a plane satisfying some given condition or property. 

				M

				Major arc - an arc whose measure is greater than the measure of a semicircle. 

				Measure (of an angle) - the smallest amount of rotation necessary to rotate from one ray of the angle to the other, usually measured in degrees. 

				Median (of a triangle) - a line segment connect-
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				ing a vertex to the midpoint of the opposite side.

				Midpoint (of a line segment) - the point on the line segment that is the same distance from both endpoints. 

				Midsegment (of a triangle) - a line segment con-necting the midpoints of two sides.

				Minor arc - an arc whose measure is less than the measure of a semicircle. 

				O

				Oblique - not having an axis perpendicular to the base or bases. 

				Obtuse angle - an angle whose measure is greater than 90°, but less than 180°. 

				Obtuse triangle - a triangle with an obtuse an-gle. 

				Opposite angle (of a side of a triangle) - the an-gle that doesn’t contain the side. 

				Opposite side (of an angle of a triangle) - the side that is not a side of the angle. 

				Orthocenter - the point of concurrency of a tri-angle’s three altitudes (or of the lines containing the altitudes). 

				P

				Parallel (lines, rays, or line segments) - lying in the same plane and not intersecting

				Perpendicular Intersecting at right angles.

				Perpendicular bisector (of a line segment) - a line that divides the line segment into two con-gruent parts (bisects it) and is also perpendicular to it. 

				Plane - an undefined term in most deductive systems. A flat surface that extends infinitely. A plane has length and width but no thickness and is therefore considered two-dimensional. 

				Point - an undefined term in most deductive sys-tems. It has no size, only location and is there-fore considered zero-dimensional. You can think of geometric figures as sets of points. 

				Point of concurrency - the point at which more than two concurrent lines, line segments, or rays 

			

		

		
			
				intersect. 

				Point of tangency (of a circle) - the single point where a tangent touches a circle. 

				Postulates - statement accepted true without proof. 

				Proportion - a statement of equality between two ratios. 

				Protractor - a tool used to measure the size of an angle in degrees. 

				R

				Radius - a line segment from the center to a point on a circle or a sphere, or the length of such a line segment. 

				Ratio - the quotient of two numbers. 

				Ray - all points on a line that lie on one side of a specified point, the ray’s endpoint. A ray is re-ferred to by giving the names of two points, first the endpoint and then any point on the ray.

				Remote interior angles (of the exterior angle of a triangle) - the two interior angles that do not share a vertex with the exterior angle. 

				Right angle - an angle whose measure is 90°.

				Right triangle - a triangle with a right angle. The side opposite the right angle is the hypotenuse. The other two sides are the legs. 

				S

				Scalene triangle - a triangle with three sides of different lengths. 

				Secant - a line that intersects a circle in two points. 

				Sector (of a circle) - the region between a cen-tral angle and the arc it intercepts. 

				Segment (of a circle) - the region between a chord and the included arc. 

				Segment bisector - a line, ray, or segment that passes through the midpoint of a line segment. 

				Semicircle - an arc of a circle included by a di-ameter. 

				Side - a line segment connecting consecutive vertices of a polygon. 
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				Sides (of an angle) - the two rays, having a com-mon endpoint, that form an angle.

				Straightedge - a tool used to construct straight lines. 

				Supplementary angles - two angles whose measures have the sum 180°. 

				T

				Tangent (of an acute angle) - the ratio of the length of the opposite side to the length of the adjacent side in any right triangle containing the angle.

				Tangent circles - circles that are tangent to the same line at the same point. They can be inter-nally tangent or externally tangent.

				Tangent line - a line that lies in the plane of a cir-cle and that intersects the circle at exactly one point (the point of tangency). 

				Tangent segment - a line segment that lies on a tangent line to a circle, with one endpoint at the point of tangency. 

				Theorem - a statement that has been proved within a deductive system. 

				Transversal - a line intersecting two or more other coplanar lines. At least eight angles are formed. Any pair of those angles that are trans-lations of each other along the transversal are corresponding angles. The four angles lying be-tween the two lines are interior angles and the four outside those lines are exterior angles. 

				Triangle - a three-sided polygon. 

				Two-column proof - a form of proof in which each statement in the argument is written in the left column, and the reason for each statement is written directly across from it in the right col-umn. 

				V

				Vertex - a point of intersection of two or more rays or line segments in a geometric figure. 

				Vertex angles  - the angles between the pairs of congruent sides. 

			

		

		
			
				Vertical angles - two nonadjacent angles formed by two intersecting lines. 
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